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IMAGE COMPARISON
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Abstract.  If a physical object has a smooth or piecewise smooth boundar v, its images obtained
by cameras in varying positions undergo smooth apparent def ormations. These deformations are
locally well approximated by a ne transforms of the image pl  ane.

In consequence the solid object recognition problem has oft en been led back to the computation
of ane invariant image local features. Such invariant feat  ures could be obtained by normalization
methods, but no fully a ne normalization method exists for t he time being. Even scale invariance is
only dealt with rigorously by the SIFT method. By simulating zooms out and normalizing translation
and rotation, SIFT is invariant to four out of the six paramet ers of an a ne transform.

The method proposed in this paper, A ne-SIFT (ASIFT), simul ates all image views obtainable
by varying the two camera axis orientation parameters, name ly the latitude and the longitude angles,
left over by the SIFT method. Then it covers the other four par ameters by using the SIFT method
itself. The resulting method will be mathematically proved to be fully a ne invariant. Against any
prognosis, simulating all views depending on the two camera orientation parameters is feasible with
no dramatic computational load. A two-resolution scheme fu rther reduces the ASIFT complexity to
about twice that of SIFT.

A new notion, the transition tilt , measuring the amount of distortion from one view to another  is
introduced. While an absolute tilt from a frontal to a slanted view exceeding 6 is rare, much high er
transition tilts are common when two slanted views of an obje ct are compared (see Fig. [I). The
attainable transition tilt is measured for each ane image ¢ omparison method. The new method
permits to reliably identify features that have undergone t ransition tilts of large magnitude, up to
36 and higher. This fact is substantiated by many experiment s which show that ASIFT outperforms
signi cantly the state-of-the-art methods SIFT, MSER, Har ris-A ne, and Hessian-A ne.

Key words.  image matching, descriptors, a ne invariance, scale invar iance, a ne normaliza-
tion, SIFT
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1. Introduction. Image matching aims at establishing correspondences betwa
similar objects that appear in di erent images. This is a fundamental step in many
computer vision and image processing applications such asnage recognition, 3D
reconstruction, object tracking, robot localization and image registration [11].

The general (solid) shape matching problem starts with seveal photographs of a
physical object, possibly taken with di erent cameras and viewpoints. These digital
images are thequery images. Given other digital images, thesearch images, the
guestion is whether some of them contain, or not, a view of theobject taken in the
qguery image. This problem is by far more restrictive than the categorization problem,
where the question is to recognize &lass of objects, like chairs or cats. In the shape
matching framework several instances of the verysame object, or of copies of this
object, are to be recognized. The diculty is that the change of camera position
induces an apparent deformation of the object image. Thus, @cognition must be
invariant with respect to such deformations.

The state-of-the-art image matching algorithms usually casist of two parts: de-
tector and descriptor. They rst detect points of interest in the compared images and
select a region around each point of interest, and then ass@te an invariant descrip-
tor or feature to each region. Correspondences may thus be @blished by matching

CMLA, ENS Cachan, 61 avenue du President Wilson, 94235 Cacha n Cedex, France
(Jean-Michel.Morel@cmla.ens-cachan.fr ).
YCMAP, Ecole Polytechnique, 91128 Palaiseau Cedex, France ( yu@cmap.polytechnique.fr )

1



2 J-M. MOREL AND G. YU

the descriptors. Detectors and descriptors should be as irariant as possible.

In recent years local image detectors have bloomed. They cdre classi ed by their
incremental invariance properties. All of them are translaion invariant. The Harris
point detector [IL/] is also rotation invariant. The Harris- Laplace, Hessian-Laplace
and the DoG (Di erence-of-Gaussian) region detectors[[3434,[29,[12] are invariant to
rotations and changes of scale. Some moment-based regionteletors [24,[3] including
the Harris-A ne and Hessian-A ne region detectors [35,137]], an edge-based region
detector [58,[5T], an intensity-based region detectoi [5€67], an entropy-based region
detector [18], and two level line-based region detectors MBSR (\maximally stable
extremal region") [31] and LLD (\level line descriptor") [4-4,/45,[8] are designed to be
invariant to a ne transforms. MSER, in particular, has been demonstrated to have
often better performance than other a ne invariant detecto rs, followed by Hessian-
A ne and Harris-A ne [39.

In his milestone paper [29], Lowe has proposed a scale-invant feature trans-
form (SIFT) that is invariant to image scaling and rotation a nd partially invariant
to illumination and viewpoint changes. The SIFT method combines the DoG region
detector that is rotation, translation and scale invariant (a mathematical proof of its
scale invariance is given in[[42]) with a descriptor based otthe gradient orientation
distribution in the region, which is partially illuminatio n and viewpoint invariant [29].
These two stages of the SIFT method will be called respectivg SIFT detector and
SIFT descriptor. The SIFT detector is a priori less invariant to a ne transforms than
the Hessian-A ne and the Harris-A ne detectors [34,137]] Ho wever, when combined
with the SIFT descriptor [89], its overall a ne invariance t urns out to be comparable,
as we shall see in many experiments.

The SIFT descriptor has been shown to be superior to other may descrip-
tors [36, [38] such as the distribution-based shape contexts], the geometric his-
togram [2] descriptors, the derivative-based complex Ites [3,[51], and the moment
invariants [60]. A number of SIFT descriptor variants and extensions, including PCA-
SIFT [[9], GLOH (gradient location-orientation histogram ) [38] and SURF (speeded
up robust features) [4] have been developed ever sinde [132]2 They claim more ro-
bustness and distinctiveness with scaled-down complexityThe SIFT method and its
variants have been popularly applied for scene recognitiofild,[40 [SO[61 15, 92,65, 41]
and detection [14,[4®], robot localization [6 5B 4I7[~43],mage registration [64], im-
age retrieval [16], motion tracking [59,[20], 3D modeling ad reconstruction [49,[62],
building panoramas [1,[T], photo management[T63 21,55 9hs well as symmetry
detection [30].

The mentioned state-of-the-art methods have achieved brllant success. However,
none of them is fully a ne invariant. As pointed outin [29]]H arris-A ne and Hessian-
A ne start with initial feature scales and locations select ed in a non-a ne invariant
manner. The non-commutation between optical blur and a ne t ransforms shown in
Section[3 also explains the limited a ne invariance performance of the normalization
methods MSER, LLD, Harris-A ne and Hessian-A ne. As shown i n [8], MSER and
LLD are not even fully scale invariant: they do not cope with the drastic changes of
the level line geometry due to blur. SIFT is actually the only method that is fully
scale invariant. However, since it is not designed to coverhte whole a ne space, its
performance drops quickly under substantial viewpoint chages.

The present paper proposes an a ne invariant extension of SFT (ASIFT) that
is fully a ne invariant. Unlike MSER, LLD, Harris-Ane and H  essian-A ne which
normalize all the six a ne parameters, ASIFT simulates thre e parameters and nor-
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Fig. 1.1 . The frontal image (above) is squeezed in one direction on the left image by a slanted
view, and squeezed in an orthogonal direction by another sla nted view. The compression factor or
absolute tilt is about 6 in each view. The resulting compress ion factor, or transition tilt from left to
right is actually 36. See Section IFor the formal de nition o  f these tilts. Transition tilts quantify
the ane distortion. The aim is to detect image similarity un der transition tilts as large as this
one.

malizes the rest. The scale and the changes of the camera axisientation are the
three simulated parameters. The other three, rotation and translation, are normal-
ized. More speci cally, ASIFT simulates the two camera axis parameters, and then
applies SIFT which simulates the scale and normalizes the tation and the transla-
tion. A two-resolution implementation of ASIFT will be prop osed, that has about
twice the complexity of a single SIFT routine. To the best of cur knowledge the
rst work suggesting to simulate a ne parameters appeared in [48] where the authors
proposed to simulate four tilt deformations in a cloth motion capture application.

The paper introduces a crucial parameter for evaluating theperformance of a ne
recognition, the transition tilt . The transition tilt measures the degree of viewpoint
change from one view to another. Figg—Tll an@Il2 give a rst ituitive approach to
absolute tilt and transition tilt . They illustrate why simulating large tilts on both com-
pared images proves necessary to obtain a fully a ne invariat recognition. Indeed,
transition tilts can be much larger than absolute tilts. In f act they can behave like
the square of absolute tilts. The a ne invariance performance of the state-of-the-art
methods will be evaluated by their attainable transition ti Its.

The paper is organized as follows. Sectiod 2 describes the ae camera model and
introduces the transition tilt. Section Blreviews the state-of-the-art image matching
method SIFT, MSER, Harris-A ne and Hessian-A ne and explai ns why they are not
fully a ne invariant. The ASIFT algorithm is described in Se ction @l Section[® gives
a mathematical proof that ASIFT is fully a ne invariant, upt o sampling approxima-
tions. Section[® is devoted to extensive experiments where SIFT is compared with
the state-of-the art algorithms. Section[d is the conclusio.

A website with an online demo is available.
http://www.cmap.polytechnique.fr/  yu/research/ASIFT/demo.html | It allows the users
to test ASIFT with their own images. It also contains an image dataset (for system-
atic evaluation of robustness to absolute and transition tits), and more examples.
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Fig. 1.2 . Top: Image pair with transition tilt  t  36. (SIFT, Harris-A ne, Hessian-A ne and

MSER fail completely.) Bottom: ASIFT nds 120 matches out wh ich 4 are false. See comments in
text.
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Fig. 2.1 . The projective camera model u = S1G1Aug. A is a planar projective transform (a
homography). G is an anti-aliasing Gaussian Itering. S; is the CCD sampling.

2. Ane Camera Model and Tilts. As illustrated by the camera model in
Fig. 21, digital image acquisition of a at object can be degribed as

u= S;G;ATug (21)

whereu is a digital image andug is an (ideal) in nite resolution frontal view of the at

object. T and A are respectively a plane translation and a planar projectie map due
to the camera motion. G; is a Gaussian convolution modeling the optical blur, and
S; is the standard sampling operator on a regular grid with meshl. The Gaussian
kernel is assumed to be broad enough to ensure no aliasing bipe 1-sampling, namely
| S1G1AT ug = G 1AT ug, wherel denotes the Shannon-Whittaker interpolation oper-
ator. A major di culty of the recognition problem is that the  Gaussian convolution
G1, which becomes a broad convolution kernel when the image isobmed out, does
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not commute with the planar projective map A.

Fig. 2.2 . The global deformation of the ground is strongly projective  (a rectangle becomes a
trapezoid), but the local deformation is a ne: each tile ont  he pavement is almost a parallelogram.

2.1. The A ne Camera Model. We shall proceed to a further simpli cation
of the above model, by reducingA to an a ne map. Fig. ZZIshows one of the rst
perspectively correct Renaissance paintings by Paolo Ucllte. The perspective on
the ground is strongly projective: the rectangular pavemen of the room becomes
a trapezoid. However, each tile on the pavement is almost a pallelogram. This
illustrates the local tangency of perspective deformatios to a ne maps. Indeed, by
the rst order Taylor formula, any planar smooth deformatio n can be approximated
around each point by an ane map. The apparent deformation of a plane object
induced by a camera motion is a planar homographic transform which is smooth,
and therefore locally tangent to a ne transforms. More generally, a solid object's
apparent deformation arising from a change in the camera pagon can be locally
modeled by ane planar transforms, provided the object's facets are smooth. In
short, all local perspective e ects can be modeled by local ae transforms u(x;y) !
u(ax + by+ e;cx+ dy + f) in each image region.

Fig. Z3 illustrates the same fact by interpreting the local behavior of a camera
as equivalent to multiple cameras at in nity. These cameras at in nity generate
a ne deformations. In fact, a camera position change can geerate any a ne map
with positive determinant. The next theorem formalizes this fact and gives a camera
motion interpretation to a ne deformations.

C,: equivalent C,: equivalent
camera at infinity camera at infinity

Vi g
VL 4
vl

/
Rays almost parallg%l‘_’,_f/
in each bundle (e
v

\l

C: Camera at
finite distance

Object's boundary

Fig. 2.3 . A camera at nite distance looking at a smooth object is equiv alent to multiple local
cameras at in nity. These cameras at in nity generate ane d eformations.
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Theorem 2.1. Anyane map A = i 3 with strictly positive determinant
which is not a similarity has a unique decomposition
_ _ cos sin t 0 cos sin
A=H Ri()TR( )= g os 01 sin cos (2.2)

where > 0, t is the determinant of A, R; are rotations, 2 [0; ), and T; is a tilt,
namely a diagonal matrix with rst eigenvaluet> 1 and the second one equal ta.

The theorem follows the Singular Value Decomposition (SVD)principle. The
proof is given in the Appendix.

Fig. 2.4 . Geometric interpretation of the decomposition  (£2). The image u is a at physical
object. The small parallelogram on the top-right represent s a camera looking at u. The angles and
are respectively the camera optical axis longitude and lati tude. A third angle parameterizes the
camera spin, and  is a zoom parameter.

Fig. E4 shows a camera motion interpretation of the a ne decomposition Z2):
and = arccos 1=t are the viewpoint angles, parameterizes the camera spin and
corresponds to the zoom. The camera is assumed to stay far awdrom the image
and starts from a frontal view u, i.e., =1,t=1, = =0. The camera can
rst move parallel to the object's plane: this motion induces a translation T that is
eliminated by assuming (w.l.0.g.) that the camera axis meet the image plane at a
xed point. The plane containing the normal and the optical axis makes an angle
with a xed vertical plane. This angle is called longitude. Its optical axis then makes a

angle with the normal to the image planeu. This parameter is calledlatitude. Both
parameters are classical coordinates on thebservation hemisphere The camera can
rotate around its optical axis (rotation parameter ). Last but not least, the camera
can move forward or backward, as measured by the zoom paramet

In (E2) the tilt parameter, which has a one-to-one relation to the latitude angle

t = 1=cos , entails a strong image deformation. It causes a directionlasubsampling
of the frontal image in the direction given by the longitude

2.2. Transition Tilts. The parametert in (E2) is called absolute tilt, since it
measures the tilt between thefrontal view and a slanted view. In real applications,
both compared images are usually slanted views. Théransition tilt is designed to
guantify the amount of tilt between two such images.

Definition 2.2. Consider two views of a planar image,ui(x;y) = u(A(X;y))
and ux(x;y) = u(B(x;y)) where A and B are two a ne maps such that BA ! is not
a similarity. With the notation of ([Z2), we call respectively transition tilt (uy; uy)
and transition rotation  (uz;u) the unique parameters such that

BA 1= H Ry( )T Rz ): (2.3)
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Fig. 2.5 . lllustration of the di erence between absolute tilt and t@ nsition tilt. Left: longitudes
= O latitudes = 30p, =60 , absolute tilts t =1=cos =2= 3, t9=1=cos =2, transition
tilts (ul up) = t%t = " 3. Right: Iongltudes = 0+90 Iatltudes =60 , °=75:3, absolute

tits t=1=cos =2, t%=1=cos %= 4, transition tilts (ul; u2)= t% =8.

One can easily check the following structure properties fothe transition tilt:;
The transition tilt is symmetric, i.e., (uz;uz) = (uUz;uy);
The transition tilt only depends on the absolute tilts and on the longitude

angle dierence: (ui;up) = (;t% o;
One hast%t t%, assumingt®= max(t%t);
The transition tilt is equal to the absolute tilt: = tY, if the other image is

in frontal view (t = 1).
Fig. E3 illustrates the a ne transition between two images taken from di erent view-
points, and in particular the di erence between absolute tilt and transition tilt. On
the left, the camera is rst put in two positions corresponding to absolute tilts t and

t% with the longitude angles = © The transition tilt between the resulting images
u; and uy is (ug;up) = t°=t. On the right the tilts are made in two orthogonal
directions: = 0+ =2. A simple calculation shows that the transition tilt betwe en

u; and uy is the product (up;u,) = tt% Thus, two moderate absolute tilts can lead to
a large transition tilt! Since in realistic cases the absolute tilt can go up to 6, whit

corresponds to a latitude angle 80:5 , the transition tilt can easily go up to 36.
The necessity of considering high transition tilts is illustrated in Fig.

Fig. 2.6 . This gure illustrates the necessity of considering high tr ansition tilts to match
to each other all possible views of a at object. Two cameras ke a at object lying in the
center of the hemisphere. Their optical axes point towards the center of the hemisphere. The
rst camera is positioned at the center of the bright region d rawn on the rst hemisphere. Its
latitude is =80 (absolute tilt t =5:8). The black regions on the four hemispheres represent
the positions of the second camera for which the transition tilt between the two cameras are
respectively higher than 2.5, 5, 10 and 40. Only the fourth hemisphere is almost bright, but
it needs a transition tilt as large as 40 to cover it well.
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3. State-of-the-art .  Since an a ne transform depends upon six parameters,
it is prohibitive to simply simulate all of them and compare the simulated images. An
alternative way that has been tried by many authors is normalization. As illustrated
in Fig. 3.1, normalization is a magic method that, given a patch that has undergone
an unknown a ne transform, transforms the patch into a stand ardized one that is
independent of the a ne transform.

Translation normalization can be easily achieved: a patch eound (xo; Yo) is trans-
lated back to a patch around (0;0). A rotational normalization requires a circular
patch. In this patch, a principal direction is found, and the patch is rotated so that
this principal direction coincides with a xed direction. T hus, out of the six pa-
rameters in the a ne transform, three are easily eliminated by normalization. Most
state-of-the-art image matching algorithms adopt this normalization.

For the other three parameters, namely the scale and the canra axis angles,
things get more di cult. This section describes how the state-of-the-art image match-
ing algorithms SIFT [29], MSER [31] and LLD [44, 45, 8], Harris-A ne and Hessian-
A ne [35, 37] deal with these parameters.

Fig. 3.1 . Normalization methods seek to eliminate the e ect of a class of a ne transforms by
associating the same standard patch to all transformed patc hes.

3.1. Scale-Invariant Feature Transform (SIFT). The initial goal of the
SIFT method [29] is to compare two images (or two image partsthat can be deduced
from each other (or from a common one) by a rotation, a transldion and a scale
change. The method turned out to be also robust to rather larg changes in viewpoint
angle, which explains its success.

SIFT achieves the scale invariance bysimulating the zoom in the scale-space.
Following a classical paradigm, SIFT detects stable pointsof interest at extrema
of the Laplacian of the image in the image scale-space represtation. The scale-
space representation introduces a smoothing parameter. Imagesup are smoothed
at several scales to obtainw(;x;y ) :=(G  up)(X;y), where

G (xy)= ey — i (x2+y?)=2 2
y)= G(ixy )= 5 2€
is the 2D-Gaussian function with integral 1 and standard devation . The notation
stands for the space 2-D convolution.

Taking apart all sampling issues and several thresholds atiinating unreliable
features, the SIFT detector can be summarized in one singleesitence:

The SIFT method computes scale-space extrem@;; Xi;y;) of the spatial Laplacian of
w( ;x;y ), and then samples for each one of these extrema a square imgumech whose
origin is (Xi;Vi), Whosex-dirsction is one of the dominant gradients around(X;;V;),

and whose sampling rate is ? + c2, where the constantc = 0:8 is the tentative
standard deviation of the initial image blur.
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The resulting samples of the digital patch at scale ; are encoded by the SIFT
descriptor based on the gradient direction, which is invarant to nondecreasing contrast
changes. This accounts for the robustness of the method toliimination changes. The
fact that only local histograms of the direction of the gradient are kept explains the
robustness of the descriptor to moderate tilts. The followng theorem proved in [42]
con rms the experimental evidence that SIFT is almost perfectly similarity invariant.

Theorem 3.1. Let u and v be two images that are arbitrary frontal snapshots
of the same continuous at imageug, u= G H TRugandv = G H ug; taken at
di erent distances, with di erent Gaussian blurs and dier ent zooms, and up to a
camera translation and rotation around its optical axe. Without loss of generality,
assume . Then if the blurs are identical ( = = c¢), all SIFT descriptors
of u are identical to SIFT descriptors of v. If 6 (or = 6 c¢), the SIFT
descriptors of u and v become (quickly) similar when their scales grow, namely as
soon asWIC;) 1 and ch) 1, where 1 and , are respectively the scale
associated to the two descriptors.

The extensive experiments in Section 6 will show that SIFT isrobust to transition
tilts smaller than max 2, but fails completely for larger tilts.

3.2. Maximally Stable Extremal Regions (MSER). MSER [31] and LLD [44,
45, 8] try to be a ne invariant by an a ne normalization of the  most robust image
level sets and level lines. Both methodsormalize all of the six parameters in the
a ne transform. We shall focus on MSER, but the discussion applies to LLD as well.

Extremal regionsis the name given by the authors to the connected componentsfo
upper or lower level sets. Maximally stable extremal regios, or MSERS, are de ned
as maximally contrasted regions in the following way. LetQq;:::;; Qi 1;Qi;::: be a
sequence of nested extremal region®;  Qj+1, where Q; is de ned by a threshold
at level i. In other terms, Q; is a connected component of an upper (resp. lower)
level set at leveli. An extremal region in the list Q;, is said to be maximally stable
if the area variation (i) := jQi+1 NQ; 1j9Qij has a local minimum at iy, where jQj
denotes the area of a regiojQj. Once MSERs are computed, an a ne normalization
is performed on the MSERs before they can be compared. A ne nomalization up
to a rotation is achieved by diagonalizing each MSER's secahorder moment matrix,
and by applying the linear transform that performs this diagonalization to the MSER.
Rotational invariants are then computed over the normalized region.

As pointed out in [8] MSER is not fully scale invariant. This fact is illustrated in
Fig. 3.2. In MSER the scale normalization is based on the sizéarea) of the detected
extremal regions. However, scale change is not just a homodty: it involves a blur
followed by subsampling. The blur merges the regions and chges their shape and
size. In other terms, the limitation of the method is the non-commutation between
the optical blur and the a ne transform. As shown in the image formation model
(2.1), the image is blurred after the a ne transform A. The normalization procedure
does not eliminate exactly the a ne deformation, becauseA 'G;Aug 6 Giug. Their
di erence can be considerable when the blur kernel is broadi.e., when the image is
taken with a big zoom-out or with a large tilt. This non-commu tation issue is actually
a limitation of all the normalization methods.

The feature sparsity is another weakness of MSER. MSER usesty highly con-
trasted level sets. Many natural images contain few such faares. However, the
experiments in Section 6 show that MSER is robust to transition tilts ,x between
5 and 10, a performance much higher than SIFT. But this perfomance is only veri-
ed when there is no substantial scale change between the inges, and if the images
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Fig. 3.2 . Top: the same shape at di erent scales. Bottom: Their level | ines (shown at the same
size). The level line shape changes with scale (in other term s, it changes with the camera distance
to the object).

contain highly contrasted objects.

3.3. Harris-A ne and Hessian-A ne. Like MSER, Harris-A ne and Hessian-
Ane normalize all the six parameters in the a ne transform. Harris-Ane [3 5, 37]
rst detects Harris key points in the scale-space using the pproach proposed by
Lindeberg [23]. Then a ne normalization is realized by an iterative procedure that
estimates the parameters of elliptical regions and normalies them to circular ones:
at each iteration the parameters of the elliptical regions ae estimated by minimiz-
ing the di erence between the eigenvalues of the second ordenoment matrix of the
selected region; the elliptical region is normalized to a c¢tular one; the position of
the key point and its scale in scale space are estimated. Thigerative procedure due
to [25, 3] nds an isotropic region, which is covariant under a ne transforms. The
eigenvalues of the second moment matrix are used to measurbé a ne shape of the
point neighborhood. The a ne deformation is determined up to a rotation factor.
This factor can be recovered by other methods, for example by normalization based
on the dominant gradient orientation like in the SIFT method .

The Hessian-A ne is similar to the Harris-A ne, but the dete cted regions are
blobs instead of corners. Local maximums of the determinanbf the Hessian matrix
are used as base points, and the remainder of the proceduretise same as for Harris-
Ane.

As pointed out in [29], in both methods the rst step, namely the multiscale
Harris or Hessian detector, is clearly not a ne covariant. T he features resulting from
the iterative procedure should instead be fully a ne invari ant. The experiments in
Section 6 show that Harris-A ne and Hessian-A ne are robust to transition tilts of
maximal value max  2:5. This disappointing result may be explained by the failure
of the iterative procedure to capture large transition tilt s.

4. Ane-SIFT (ASIFT). The idea of combining simulation and normalization
is the main ingredient of the SIFT method. The SIFT detector normalizes rotations
and translations, and simulates all zooms out of the query ad of the search images.
Because of this feature, it is the only fully scale invariantmethod.

As described in Fig. 4.1, ASIFT simulates with enough accuray all distortions
caused by a variation of the camera optical axis direction. Then it applies the SIFT
method. In other words, ASIFT simulates three parameters: he scale, the camera
longitude angle and the latitude angle (which is equivalentto the tilt) and normalizes
the other three (translation and rotation). The mathematic al proof that ASIFT is
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fully a ne invariance will be given in Section 5. The key observation is that, although
a tilt distortion is irreversible due to its non-commutatio n with the blur, it can be
compensated up to a scale change by digitally simulating a tf of same amount in the
orthogonal direction. As opposed to thenormalization methods that su er from this
non-commutation, ASIFT simulates and thus achieves the full a ne invariance.
Against any prognosis, simulating the whole a ne space is na prohibitive at all

with the proposed a ne space sampling. A two-resolution scheme will further reduce
the ASIFT complexity to about twice that of SIFT.

4.1. ASIFT Algorithm. ASIFT proceeds by the following steps.

1.

3.

Each image is transformed by simulating all possible a ne distortions caused
by the change of camera optical axis orientation from a fronal position. These
distortions depend upon two parameters: the longitude and the latitude
The images undergo -rotations followed by tilts with parameter t = j%j (a
tilt by t in the direction of x is the operation u(x;y) ! u(tx;y)). For digital
images, the tilt is performed by a directional t-subsampling. It requires the
previous application of an antialiasing lter in the diregt ion of x, namely
the convolution by a Gaussian with standard deviationc t2 1. The value
¢ = 0:8 is the value chosen by Lowe for the SIFT method [29]. As showim
[42], it ensures a very small aliasing error.

These rotations and tilts are performed for a nite and smdl number of
latitude and longitude angles, the sampling steps of these garameters ensuring
that the simulated images keep close to any other possible giv generated by
other values of and

All simulated images are compared by a similarity invariant matching algo-
rithm (SIFT).

The sampling of the latitude and longitude angles is speci @ below and will be
explained in detail in Section 4.2.

The latitudes are sampled so that the associated tilts follow a geometric
series 1,3, a2, , :::,a", with a> 1. The choicea= " 2 is a good compromise
between accuracy and sparsity. The valuen can go up to 5 or more. In
consequence transition tilts going up to 32 and more can be ¢tored.

The longitudes are for each tilt an arithmetic series 0,b=t, :::, kb=t, where
b' 72 seems again a good compromise, ardis the last integer such that
kb=t < 180.

Fig. 4.1 . Overview of the ASIFT algorithm. The square images A and Brep resent the compared
images u and v. ASIFT simulates all distortions caused by a variation of th e camera optical axis

direction.

The simulated images, represented by the parall elograms, are then compared by SIFT,

which is invariant to scale change, rotation and translatio n.



12 J-M. MOREL AND G. YU

4.2. Latitude and Longitude Sampling. The ASIFT latitude and the longi-
tude sampling will be determined experimentally.

Sampling Ranges. The camera motion illustrated in Fig. 2.4 shows varying
from O to 2 . But, by Theorem 2.1, simulating 2 [0; ) is enough to cover all
possible a ne transforms.

The sampling range of the tilt parameter t is more critical. Object recognition
under any slanted view is possible only if the object is perfetly planar and Lam-
bertian. Since this is never the case, a practical physical pper bound tmax must be
experimentally obtained by using image pairs taken from indor and outdoor scenes,
each image pair being composed of a frontal view and a slantedew. Two case stud-
ies were performed. The rst one was a magazine placed on a t&bdwith the arti cial
illumination coming from the ceiling as shown in Fig. 4.2. The outdoor scene was a
building facade with some gra ti as illustrated in Fig. 4.3 . The images have 600 450
resolution. For each image pair, the true tilt parameter t was obtained by on site mea-
surements. ASIFT was applied with very large parameter samfping ranges and small
sampling steps, thus ensuring that the actual a ne distorti on was accurately approx-
imated. The ASHZI matching results of Figs. 4.2 and 4.3 show hat the physical
limit is tmax 4 2 corbe_sponding to a view angle nax = arccosI=tmax 80 . The
sampling rangetmax =4 2 allows ASIFT to be invariant to transition tilt as large as
(4" 2)? = 32. (With higher resolution images, larger transition til ts would de nitely
be attainable.)

Fig. 4.2 . Finding the maximal attainable absolute tilt. From left to r  ight, the tilt t between the
two images is respectively t  3;5:2;8:5. The number of correct ASIFT matches is respectively 151,
12, and 0.

Sampling Steps. In order to have ASIFT invariant to any a ne transform, one
needs to sample the tiltt and angle with a high enough precision. The sampling
steps4t and4 must be xed experimentally by testing several natural images.

The camera motion model illustrated in Fig. 2.4 indicates that the sampling pre-
cision of the latitude angle = arccos 1=t should increase with : the image distortion
caused by a xed latitude angle displacement4 is more drastic at larger . A
geometric sampling fort satis es this requirement. Naturally, the sampling ratio
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Fig. 4.3 . Finding the maximal attainable absolute tilt. From left to r ight, the absolute tilt
t between the two images is respectively t 3:8;5:6; 8; the number of correct ASIFT matches is
respectively 116, 26 and O.

4t = ty+1 =tk should be mdependenb of the angle . In the sequel, the tilt sampling
step is experimentally xed to 4t =" 2.

Similarly to the latitude sampling, one needs a ner longitude sampling when

= arccos 1=t increases: the image distortion caused by a xed longitude agle

displacement4 is more drastic at larger latitude angle . The longitude sampling

. . - 72
step in the sequel will be4 = .

The sampling steps4t= "2 and4 = l were validated by applying success-
fully SIFT between images with simulated tilt and longitude variations equal to the
sampling step values. The extensive experiments in Sectiod justify the choice as well.
Fig. 4.4 illustrates the resulting irregular sampling of the parameters = arccos 1=t
and on the observation hemisphere: the samples accumulate neéine equator.

Fig. 4.4 . Sampling of the parameters = arccosl=t and . The sa@ples are the black dots.
Left: perspective illustration of the observation hemisph ere (only t =2;2 2;4 are shown). Right:
zenith view of the observation hemisphere. The values of  are indicated on the gure.

4.3. Acceleration with Two Resolutions. The two-resolution procedure ac-
celerates ASIFT by applying the ASIFT method described in Setion 4.1 on a low-
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resolution version of the query and the search images. In ca®f success, the procedure
selects the a ne transforms that yielded matches in the low-resolution process, then
simulates the selected a ne transforms on the original query and search images, and
nally compares the simulated images by SIFT. The two-resoltion method is sum-
marized as follows.

1. Subsample the query and the search images and v by a K K factor:
u®= Sk Ggu and v® = Sy Gk v; where Gk is an anti-aliasing Gaussian
discrete lter and Sk is the K K subsampling operator.

2. Low-resolution ASIFT: apply ASIFT as described in Sectian 4.1 to u®and v°.

3. Identify the M ane transforms yielding the biggest numbers of matches
betweenu® and v°

4. High-resolution ASIFT: apply ASIFT to u and v, but simulate only the M
a ne transforms.

Fig. 4.5 shows an example. The low-resolution ASIFT that is gplied onthe K K =
3 3subsampled images nds 19 correspondences and identi esi¢ M =5 best a ne
transforms. The high-resolution ASIFT nds 51 correct matches.

Fig. 4.5 . Two-resolution ASIFT. Left: low-resolution ASIFT applied on the 3 3 subsampled
images nds 19 correct matches. Right: high-resolution ASI FT nds 51 matches.

4.4. ASIFT Complexity. The complexity of the ASIFT method will be esti-
matsd_under the recommended con guration: the tilt and angle ranges&r_etﬁnin itmax] =
[1;4 2]and [ min; max] =[0 ;180], and the sampling steps are4 t = = 2,4 = 2=
A t tilt is simulated by t times subsampling in one direction. The query and the search
images are subsampled by & K =3 3 factor for the low-resolution ASIFT. Finally,
the high-resolution ASIFT simulates the M best a ne transforms that are identi ed,
but only in case they lead to enough matches. In real applicabns where a query



ASIFT: A New Framework for Fully A ne Invariant Image Compar ison 15

image is compared with a large database, the likely result fothe low-resolution step
is failure. The nal high-resolution step counts only when the images matched at low
resolution.

Estimating the ASIFT complexity boils down to calculate the image area sim-
ulated by the low-resolution ASIFT. Indeed the complexity of the image matching
feature computation is proportional to the input image area. One can verify that the
total image area simulated by ASIFT is proportional to the number of simulated tilts
t: the number of simulations is proportional to t for eacht, but the t subsampling
for each tilt simulation divides the area by t. More precisely, the image area input to
low-resolution ASIFT is

1+« ¥ 1+5 2:5_1_5
K K -3 3

times as large as that of the original images, wherg j = jf 1; P 2,2 2p 2;4; 4p 20j=6
is the number of simulated tilts and K K =3 3 s the subsampling factor. Thus the
complexity of the low-resolution ASIFT feature calculation is 1.5 times as much as that
of a single SIFT routine. The ASIFT algorithm in this con gur ation is invariant to
transition tilts up to 32. Higher transition tilt invarianc e is attainable with larger tmax .
The complexity growth is linear and thus marginal with respect to the exponential
growth of transition tilt invariance.

Low-resolution ASIFT simulates 1.5 times the area of the orginal images and
generates in consequence about 1.5 times more features onthdhe query and the
search images. The complexity of low-resolution ASIFTfeature comparison is there-
fore 1:52 = 2:25 times as much as that of SIFT.

If the image comparisons involve a large database where mosomparisons will
be failures, ASIFT stops essentially at the end of the low-reolution procedure, and
the overall complexity is about twice the SIFT complexity, as argued above.

If the comparisons involve a set of images with high matchinglikeliness, then
the high resolution step is no more negligible. The overall omplexity of ASIFT
depends on the numberM of the identi ed good a ne transforms simulated in the
high-resolution procedure as well as on the simulated tilt aluest. However, in that
case, ASIFT ensures many more detections than SIFT, becauseexplores many more
viewpoint angles. In that case thecomplexity rate per match detectionis in practice
equal to or smaller than the per match detection complexity d a SIFT routine.

The SIFT subroutines can be implemented in parallel in ASIFT (for both the low-
resolution and the high-resolution ASIFT). Recently many authors have investigated
SIFT accelerations [19, 13, 22]. A realtime SIFT implementadion has been proposed
in [54]. Obviously all the SIFT acceleration techniques diectly apply to ASIFT.

5. The Mathematical Justi cation. This section proves mathematically that
ASIFT is fully a ne invariant, up to sampling errors. The key observation is that a
tilt can be compensated up to a scale change by another tilt othe same amount in
the orthogonal direction.

The proof is given in a continuous setting which is by far simper, because the
image sampling does not interfere. Since the digital imageare assumed to be well-
sampled, the Shannon interpolation (obtained by zero-padihg) paves the way from
discrete to continuous.

To lighten the notation, G will aIchJ dzenote the convolution operator onR? with
the Gauss kernel G (x;y) = ﬁze ﬁ, namely Gu(x;y) := (G u)(x;y), where
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the constant ¢ = 0:8 is chosen for good anti- allasmg [29, 42]. The one- d|memmal

Gaussians will be denoted by G(x;y) = p—e %7 and G (xy) = p—e Te7?
G satis es the semigroup property

GG =GP

(5.1)

24 2
and it commutes with rotations:
G R=RG: (5.2)

We shall denote by , the 1-D convolution operator in the y-direction. In the
notation G y, G is a one-dimensional Gaussian depending oy and
z

G yu(xy):= G'(2u(xy z)dz:

5.1. Inverting Tilts. Let us distinguish two tilting procedures:
Definition 5.1.  Given t > 1, the tilt factor, de ne
the geometric tilt : TXuo(x;y) := uo(tx;y): In case this tilt is made in they
direction, it will be denoted by TY up(X;y) := uo(X;ty);
the simulated tilt (taking into account camera blur): Tfv = TGP, « V.
In case the simulated tilt is done in they direction, it is denoted T{v :=
TG = yV:
As described by the image formation model (2.1), an in nite resolution scene
Up observed from a slanted view in thex direction is distorted by a geometric tilt
before it is blurred by the optical lens, i.e., u = G1Tug. Reversing this operation
is in principle impossible, because of the tilt and blur noneommutation. However,
the next lemma shows that asimulated tilt T} in the orthogonal direction provides
actually a pseudo inverse to thegeometric tilt T;.
Lemma 5.2. T{ = HiGb —  (T¥) -
Proof. Since (T¥) u(x;y) = u(%;y),
z
GPg y(T¥) 'u (xy)= GP ﬁ(z)u(é;y z)dz:

Thus
Z

He Gy y (TY) 'u (xy)=  GPe(2u(xty 2)dz=

G yu (xty)= TG, — yu (xy):
ad

By the next Lemma, a tilted image G;Tu can be tilted back by tilting in the
orthogonal direction. The price to pay is at zoom out. The second relation in the
lemma means that the application of the simulated tilt to a well-sampled image yields
an image that keeps the well-sampling property. This fact iscrucial to simulate tilts
on digital images.

Lemma 5.3. Lett 1. Then

T{(Gthx) =G 1Ht; (53)
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TG =GT/: (5.4)

Proof. By Lemma 5.2, T{ = H(Gb —  (T¥) *: Thus,

TV(G1T) = HGh oy () 1GaTY): (5.5)

By a variable change in the integral de ning the convolution, it is an easy check that
xy 1 Xy — 1 X, .
() *GiTru= TGu(Tiy) i (5.6)

and by the separability of the 2D Gaussian in two 1D Gaussians

1 X

?Gl(T;y):Gt(X)Gl(y): (5.7)
>From (5.6) and (5.7) one obtains

(T) GiTFu=(G F(GI(Y) u=G{(x) xGi(y) yu;

which implies

e

a1 v (™9 1GthXUzG}Stz 7 v (Gi(x) x GI(y) yu)=Gu:

Indeed, the 1D convolutions inx and y commute and G, Gj = G{ by the

Gaussian semigroup property (5.1). Substituting the last poven relation in (5.5)
yields

T{GT*u = H{Gu =G 1Hu:
The second relation (5.4) follows immediately by noting that H, = T/TX: O

5.2. Proof that ASIFT works. The meaning of Lemma 5.3 is that we can
design an exact algorithm that simulates all inverse tilts, up to scale changes.
Theorem 5.4. Let u = G;ATiup and v = G1BTyup be two images obtained
from an in nite resolution image ug by cameras at in nity with arbitrary position and
focal lengths. (A and B are arbitrary a ne maps with positive determinants and T;
and T, arbitrary planar translations.) Then ASIFT, applied with a dense set of tilts
and longitudes, simulates two views ofl and v that are obtained from each other by
a translation, a rotation, and a camera zoom. As a consequerng these images match
by the SIFT algorithm.
Proof. We start by giving a formalized version of ASIFT using the above notation.
(Dense) ASIFT
1. Apply a dense set of rotations to both imagesu and v.
2. Apply in continuation a dense set ofsimulated tilts Ty to all rotated images.
3. Perform a SIFT comparison of all pairs of resulting images
Notice that by the relation

TiR(35) = R(z)Ty; (5.8)

the algorithm also simulates tilts in the y direction, up to a R(5) rotation.
By the a ne decomposition (2.2),
BA '=H RiT}Ru: (5.9)

The denseASIFT applies in particular:
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1. T¥ Rz to G1ATiuo, Which by (5.2) and (5.4) yields u-= G 1 T¥:R2AT1Up =

GJ_A'T]_U().
2. R(3)T¥-R, * to G1B T,uo, which by (5.2) and (5.4) yields GiR(5)T¥ R, B Tauo :=

GlBTzuol
Let us show that A" and B only di er by a similarity. Indeed,

B 1R(§)Hpt—Ar: B 1R1Tﬁ't_ TEHP:R;A = B 'RiT¥R;A=B "(HiBA ')A =Hu:
It follows that B = R(5)H P:A. Thus,
=G 1ATiUg and V‘:G]_R(z)H pfATZUO

are two of the irrh’;lges simulated by ASIFT, and are deduced fromeach other by a
rotation and a t zoom. It follows from Theorem 3.6 that their descriptors are
identical as soon as the scale of the descriptors exceeds t. d

Remark 1. The above proof gives the value of the simulated tilts achieg suc-
cess: if the transition tilt betweenu and v is t, then it is enough to simulate a t tilt
on both images.

5.3. Algorithmic Sampling Issues. Although the above proof deals with
asymptotic statements when the sampling steps tend to zeroowhen the SIFT scales
tend to in nity, the approximation rate is quick, a fact that can only be checked
experimentally. This fact is actually extensively veried by the huge amount of ex-
perimental evidence on SIFT, that shows rst that the recognition of scale invariant
features is robust to a rather large latitude and longitude \ariation, and second that
the scale invariance is quite robust to moderate errors on sde. Section 4.2 has eval-
uated the adequate sampling rates and ranges for tilts and logitudes.

The above algorithmic description has neglected the imageasmpling issues, but
care was taken that input images and output images be always vitten in the G u
form. For the digital input images, which always have the fom u = S;G;ug, the
Shannon interpolation algorithm | is rst applied, to give back | S;G;ug = G 1ug. For
the output images, which always have the form Gu, the sampling S; gives back a
digital image.

6. Experiments. ASIFT image matching performance will be compared with
the state-of-the-art approaches using the detectors SIFT 29], MSER [31], Harris-
A ne, and Hessian-A ne [34, 37], all combined with the most p opular SIFT descrip-
tor [29]. The MSER detector combined with the correlation descriptor as proposed
in the original work [31] was initially included in the comparison, but its performance
was found to be slightly inferior to that of the MSER detector combined by the SIFT
descriptor, as indicated in [36]. Thus only the latter will be shown. In the follow-
ing, the methods will be named after their detectors, namelyASIFT, SIFT, MSER,
Harris-A ne and Hessian-A ne.

The experiments include extensive tests with the standard Mkolajczyk database [33],
a systematic evaluation of methods' invariance to absoluteand transition tilts and
other images of various types (resolution 600 450).

In the experiments the Lowe [28] reference software was usddr SIFT. For all the
other methods we used the binaries of the MSER, the Harris-A ne and the Hessian-
A ne detectors and the SIFT descriptor provided by the autho rs, all downloadable
from [33].
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The low-resolution ASIFT applied a3 3 image subsampling. ASIFT may detect
repeated matches from the image pairs simulated with di erent a ne transforms. All
the redundant matches have been removed. (A match between tav points p; and
p, was considered redundant with a match betweerps and py if d?(py;ps) < 3 and
d?(p2; pa) < 3, whered(pi; pj) denotes the Euclidean distance betweem; and p;.)

6.1. Standard Test Database. The standard Mikolajczyk database [33] was
used to evaluate the methods' robustness to four types of disrtions, namely blur,
similarity, viewpoint change, and jpeg compression. Five mage pairs (image 1 vs
images 2 to 6) with increasing amount of distortion were usedor each test. Fig. 6.1
illustrates the number of correct matches achieved by each ethod. For each method,
the number of image pairsm on which more than 20 correct matches are detected and
the average number of matches over thesem pairs are shown for each test. Among
the methods under comparison, ASIFT is the only one that works well for the entire
database. It also systematically nds more correct matches More precisely:

Blur. ASIFT and SIFT are very robust to blur, followed by Harris-A ne

and Hessian-A ne. MSER are not robust to blur.

Zoom plus rotation . ASIFT and SIFT are very robust to zoom plus rota-

tion, while MSER, Harris-A ne and Hessian-A ne have limite d robustness,
as explained in Section 3.

Viewpoint change.  ASIFT is very robust to viewpoint change, followed

by MSER. On average ASIFT nd 20 times more matches than MSER.

SIFT, Harris-A ne and Hessian-A ne have comparable perfor mance: they
fail when the viewpoint change is substantial.

The test images (see Fig.6.2) provided optimal conditions dr MSER: the

camera-object distances are similar, and well contrastedtmpes are always
present.

Compression. All considered methods are very robust to JPEG compres-
sion.

Fig. 6.2 shows the classic image pair Grati 1 and 6. ASIFT nd s 925 correct
matches. SIFT, Harris-A ne and Hessian-A ne nd respectiv ely 0, 3 and 1 correct
matches: the 3:2 transition tilt is just a bit too large for these methods. MSER
nds 42 correct correspondences.

The next sections describe more systematic evaluations ofie robustness to abso-
lute and transition tilts of the compared methods. The normalization methods MSER,
Harris-A ne, and Hessian-A ne have been shown to fail under large scale changes
(see another example in Fig. 6.3). To focus on tilt invariane, the experiments will
therefore take image pairs with similar scales.

6.2. Absolute Tilt Tests. Fig. 6.4-a illustrates the experimental setting. The
painting illustrated in Fig. 6.5 was photographed with an optical zoom varying be-
tween 1and 10 and with viewpoint angles between the camera axis and theermal
to the painting varying from 0 (frontal view) to 80 . It is clear that beyond 80 ,
to establish a correspondence between the frontal image anthe extreme viewpoint
becomes haphazard. With such a big change of view angle on a eetive surface, the
image in the slanted view can be totally di erent from the fro ntal view.

Table 6.1 summarizes the performance of each algorithm in tens of number of
correct matches. Some matching results are illustrated in kjs. 6.7 to 6.8. MSER,
which uses maximally stable level sets as features, obtainmost of the time many less
correspondences than the methods whose features are baseu local maxima in the
scale-space. As depicted in Fig. 6.6, for images taken at a sh distance (zoom 1)
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Blur Zoom plus rotation

Viewpoint JPEG compression
Fig. 6.1 . Number of correct matches achieved by ASIFT, SIFT, MSER, Har ris-A ne, and
Hessian-A ne under four types of distortions, namely blur, zoom plus rotation, viewpoint change

and jpeg compression, in the standard Mikolajczyk database . On the top-right corner of each graph
m=n gives for each method the number of image pairs m on which more than 20 correct matches
were detected, and the average number of matches n over these m pairs.

the tilt varies on the same at object because of the perspedte e ect, an example
being illustrated in Fig. 6.7. The number of SIFT correspondences drops dramatically
when the angle is larger than 65 (tilt t 2:3) and it fails completely when the angle
exceeds 75 (tilt t  3:8). At 75, as shown in Fig. 6.7, most SIFT matches are
located on the side closer to the camera where the actual tilts actually smaller. The
performance of Harris-A ne and Hessian-A ne decays considerably when the angle
goes over 75 (tilt t 3:8). The MSER correspondences are always fewer and show a
noticeable decline over 65 (tilt t 2:4). ASIFT works until 80 (tilt t 5:8).

Consider now images taken at a camera-object distance mulftiied by 10, as shown
in Fig. 6.8. For these images the SIFT performance drops colderably: recognition
is possible only with angles smaller than 45. The performance of Harris-A ne and
Hessian-A ne declines steeply when the angle goes from 45to 65 . Beyond 65 they
fail completely. MSER struggles at the angle of 45 and fails at 65 . ASIFT functions
perfectly until 80 .

Rich in highly contrasted regions, the magazine shown in Fig6.5 is more favorable
to MSER. Table 6.2 shows the result of a similar experiment pegormed with the
magazine, with the latitude angles from 50 to 80 on one side and with the camera
focus distance 4. Fig. 6.9 shows the result with 80 angle. The performance of
SIFT, Harris-A ne and Hessian-A ne drops steeply with the a ngle going from 50 to
60 (tilt t from 1.6 to 2). Beyond 60 (tilt t = 2) they fail completely. MSER nds
many correspondences until 70 (tilt t 2:9). The number of correspondences drops
when the angle exceeds 70and becomes too small at 80 (tilt t  5:8) for robust
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Fig. 6.2 . Two Grati images with transition tilt 3:2. ASIFT (shown), SIFT (shown),
Harris-A ne, Hessian-A ne and MSER(shown) nd 925, 2, 3,1 a nd 42 correct matches.

Fig. 6.3 . Robustness to scale change. ASIFT (shown), SIFT (shown), Ha rris-A ne (shown),
Hessian-A ne, and MSER nd respectively 221, 86, 4, 3 and 4 co rrect matches. Harris-A ne,
Hessian-A ne and MSER are not robust to scale change.

recognition. ASIFT works until 80

The above experiments suggest an estimate of the maximal abhute tilts for the
method under comparison. For SIFT, this limit is hardly above 2. The limit is about
2.5 for Harris-A ne and Hessian-A ne. The performance of MS ER depends on the
type of image. For images with highly contrasted regions, M&R reaches a 5 absolute
tilt. However, if the images do not contain highly contrasted regions, the performance
of MSER can drop under small tilts. For ASIFT, a 5.8 absolute tilt that corresponds
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a b

Fig. 6.4 . The settings adopted for systematic comparison. Left: abso lute tilt test. An object
is photographed with a latitude angle varying from 0 (frontal view) to 80 , from distances varying
between 1 and 10, which is the maximum focus distance change. Right: transition tilt test. An
object is photographed with a longitude angle  that varies from 0 to 90 , from a xed distance.

Fig. 6.5. The painting (left) and the magazine cover (right) that were photographed in the
absolute and transition tilt tests.

to an extreme viewpoint angle of 80 is easily attainable.

6.3. Transition Tilt Tests. The magazine shown in Fig. 6.5 was placed face-up
and photographed to obtain two sets of images. As illustratel in Fig. 6.4-b, for each
image set the camera with a xed latitude angle corresponding tot =2 and 4 circled
around, the longitude angle growing from 0 to 90 . The camera focus distance and
the optimal zoom was 4. In each set the resulting images have the same absolute
tilt t =2 or 4, while the transition tilt ~ (with respect to the image takenat =0 )
goes from 1 tot? = 4 or 16 when goes from 0 to 90. To evaluate the maximum
invariance to transition tilt, the images taken at 6 0 were matched against the one
taken at =0.

Table 6.3 compares the performance of the algorithms. Whentte absolute tilt
ist = 2, the SIFT performance drops dramatically when the transition tilt goes
from 1.3 to 1.7. With a transition tilt over 2.1, SIFT fails co mpletely. Similarly
a considerable performance decline is observed for Harrsne and Hessian-A ne
when the transition tilt goes from 1.3 to 2.1. Hessian-A ne slightly outperforms
Harris-A ne, but both methods fail completely when the tran sition tilt goes above 3.
Fig. 6.10 shows an example that SIFT, Harris-A ne and Hessian-A ne fail completely
under a moderate transition tilt 3. MSER and ASIFT work stably up to a 4
transition tilt. ASIFT nds ten times as many correspondenc es as MSER covering a
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Fig. 6.6 . When the camera focus distance is small, the absolute tilt of a plane object can vary
considerably in the same image due to the strong perspective e ect.

Z 1
=t SIFT | HarA HesA | MSER | ASIFT
80 /5.8 1 16 1 4 110
75 /3.9 24 36 7 3 281
65 /2.3 117 43 36 5 483
45/1.4 245 83 51 13 559
45 /1.4 195 86 26 12 428
65 /2.4 92 58 32 11 444
75 /3.9 15 3 1 5 202
80 /5.8 2 6 6 5 204
Z 10
=t SIFT | HarA HesA | MSER | ASIFT
80 /5.8 1 1 0 2 116
75 /3.9 0 3 0 6 265
65 /2.3 10 22 16 10 542
45/1.4 182 68 45 19 722
45 /1.4 171 54 26 15 707
65 /2.4 5 12 5 6 468
75 13.9 2 1 0 4 152
80 /5.8 3 0 0 2 110
Table 6.1
Absolute tilt invariance comparison with photographs of th e painting in Fig. 6.5. Number of
correct matches of ASIFT, SIFT, Harris-A ne (HarA ), Hessi an-A ne (HesA ), and MSER for

viewpoint angles between 45 and 80 . Top: images taken with zoom 1. Bottom: images taken
with zoom 10. The latitude angles and the absolute tilts are listed in the left column. For the 1
zoom, strong perspective e ect is present and the tilts show n are average values.

much larger area.

Under an absolute tilt t = 4, SIFT, Harris-A ne and Hessian-A ne struggle at
a 1:9 transition tilt. They fail completely when the transition tilt gets bigger. MSER
works stably until a 7.7 transition tilt. Over this value, th e number of correspondences
is too small for reliable recognition. ASIFT works perfectly up to the 16 transition
tilt. The above experiments show that the maximum transitio n tilt, about 2 for SIFT
and 2.5 for Harris-A ne and Hessian-A ne, is by far insu cie nt. This experiment
and others con rm that MSER ensures a reliable recognition wntil a transition tilt of
about 10, but this is only true when the images under comparien are free of scale
change and contain highly contrasted regions. The experimaal limit transition tilt
of ASIFT goes easily up to 36 (see Fig. 1.2).



24 J-M. MOREL AND G. YU

Fig. 6.7 . Correspondences between the painting images taken from sho rt distance (zoom 1) at
frontal view and at 75 angle. The local absolute tilt varies: t 4 (middle), t< 4 (right part), t> 4
(left part). ASIFT (shown), SIFT (shown), Harris-A ne, Hes sian-A ne, and MSER (shown) nd
respectively 202, 15, 3, 1, and 5 correct matches.

Fig. 6.8 . Correspondences between long distance views (zoom 10), frontal view and 80 angle,
absolute tilt t  5:8. ASIFT (shown), SIFT, Harris-A ne (shown), Hessian-A ne, and MSER
(shown) nd respectively 116, 1, 1, 0, and 2 correct matches.

6.4. Other Test Images. ASIFT, SIFT, MSER, Harris-A ne and Hessian-
A ne will be now tried with various classic test images and some new ones. Proposed
by Matas et al. in their online demo [32] as a standard image tdest MSER [31], the
images in Fig. 6.11 show a number of containers placed on a ddsp . ASIFT,

1we thank Michal Perdoch for having kindly provided us with th e images.
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=t SIFT | HarA HesA | MSER | ASIFT
50/1.6 | 267 131 144 150 1692

60 /2.0 20 29 39 117 1012
70/2.9 1 2 2 69 754
80 /5.8 0 0 0 17 349
Table 6.2
Absolute tilt invariance comparison with photographs of th e magazine cover (Fig. 6.5). Number
of correct matches of ASIFT, SIFT, Harris-A ne (HarA ), Hes sian-A ne (HesA ), and MSER

for viewpoint angles between 50 and 80 . The latitude angles and the absolute tilts are listed in the
left column.

Fig. 6.9 . Correspondences between magazine images taken with zoom 4, frontal view and 80
angle, absolute tilt t 5:8. ASIFT (shown), SIFT (shown), Harris-A ne, Hessian-A ne, and
MSER (shown) nd respectively 349, 0, 0, 0, and 17 correct mat  ches.

SIFT, Harris-A ne, Hessian-A ne and MSER nd respectively 255, 10, 23, 11 and
22 correct correspondences. Fig. 6.12 contains two orthogal road signs taken under
a view change that makes a transition tilt 2:6. ASIFT successfully matches the
two signs nding 50 correspondences while all the other methds totally fail. The
pair of aerial images of Pentagon shown in Fig. 6.13 shows a rderate transition tilt

2:5. ASIFT works perfectly by nding 378 correct matches, followed by MSER
that nds 17. Harris-A ne, Hessian-A ne and SIFT fail by nd ing respectively 6,
2 and 8 matches. The Statue of Liberty shown in Fig. 6.14 pres#s a strong relief
e ect. ASIFT nds 22 good matches. The other methods fail completely. Fig. 6.15
shows some deformed cloth (images from [26, 27]). ASIFT ouggrforms signi cantly
the other methods by nding respectively 141 and 370 correctmatches, followed by
SIFT that nds 31 and 75 matches. Harris-a ne, Hessian-ane and MSER do not
get a signi cant number of matches.

7. Conclusion. This paper has attempted to prove by mathematical arguments
by a new algorithm, and by careful comparisons with state-ofthe art algorithms, that
a fully a ne invariant image matching was possible. The proposed ASIFT image
matching algorithm extends the SIFT method to a fully a ne in variant device. It
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Fig. 6.10 . Correspondences between the magazine images taken with absolute tilts t; = tp =2

with longitude angles 1 =0 and 2 =50 , transition tilt 3. ASIFT (shown), SIFT (shown),
Harris-A ne, Hessian-A ne and MSER (shown) nd respective ly 745, 3, 1, 3, 87 correct matches.
tl = t2 =2
2/ SIFT | HarA HesA MSER | ASIFT
10/1.3 408 233 176 124 1213
20 /1.7 49 75 84 122 1173
30/2.1 5 24 32 103 1048
40 /2.5 3 13 29 88 809
50 /3.0 3 1 3 87 745
60 /3.4 2 0 1 62 744
70 /3.7 0 0 0 51 557
80 /3.9 0 0 0 51 589
90 /4.0 0 0 1 56 615
tl = t2 =4
2/ SIFT | HarA HesA | MSER | ASIFT
10/1.9 22 32 14 49 1054
20 /3.3 4 5 1 39 842
30/5.3 3 2 1 32 564
40 /7.7 0 0 0 28 351
50 /10.2 0 0 0 19 293
60 /12.4 1 0 0 17 145
70 /14.3 0 0 0 13 90
80 /15.6 0 0 0 12 106
90 /16.0 0 0 0 9 88
Table 6.3

Transition tilt invariance comparison (object photograph  ed: the magazine cover shown in
Fig. 6.5). Number of correct matches of ASIFT, SIFT, Harris- Ane (HarA ), Hessian-A ne
(HesA ), and MSER for viewpoint angles between 50 and 80 . The ane parameters of the two
images are 1 =0 ,t; = t; =2 (above), t1 = t2 =4 (below). > and the transition tilts are in
the left column.
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Fig. 6.11 . Image matching (images proposed by Matas et al [32]). Transi tion tilt: 2 [1:6; 3:0].
From top to bottom, left to right: ASIFT (shown), SIFT, Harri s-A ne, Hessian-A ne and MSER
(shown) nd respectively 254, 10, 23, 11 and 22 correct match es.

Fig. 6.12 . Image matching: road signs. Transition tilt 2:6. ASIFT (shown), SIFT, Harris-
A ne, Hessian-A ne and MSER (shown) nd respectively 50, 0, 0, 0 and 1 correct matches.

simulates the scale and the camera optical direction, and nanalizes the rotation and
the translation. The search for a full invariance was motivaed by the existence of
large transition tilts between two images taken from di erent viewpoints. As the
tables of results showed, the notion of transition tilt has proved e cient to quantify
the distortion between two images due to the viewpoint chang, and also to give a
fair and new evaluation criterion of the a ne invariance of classic algorithms. In
particular, SIFT and Hessian A ne are characterized by tran sition tilts of 2 and 2.5
respectively. In the case of MSER, however, the transition iit varies strongly between
2 and 10, depending on image contrast and scale. ASIFT was st to cope with
transition tilts up to 36. Future research will focus on remaining challenges, such as
the recognition under drastic illumination changes.

Appendix A. Appendix. Proof of Theorem 1

Proof. Consider the real symmetric positive semi-de nite matrix A'A, where A
denotes the transposed matrix ofA. By classic spectral theory there is an orthogonal
transform O such that A'A = ODO! whereD a diagonal matrix with ordered eigenval-
ues ; 2 SetO; = AOD z:Then O;0! = AOD :D :zO'At= AOD lO'A! =
A(A'A) A = I Thus, there are orthogonal matricesO; and O such that

A= 0,Dz0": (A1)

Since the determinant of A is positive, the product of the determinants of O and O;
is positive. If both determinants are positive, then O and O; are rotations and we can

write A = R( )DR( ). If isnotin[0; ), changing into and into +
ensuresthat 2 [0; ). If the determinants of O and O; are both negative, replacingO
and O; respectively by 10 O and L0 0O; makes them into rotations

0 1 0 1
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Fig. 6.13 . Pentagon, with transition tilt 2:5. ASIFT (shown), SIFT (shown), Harris-
A ne, Hessian-A ne and MSER(shown) nd respectively 378, 6 , 2, 8 and 17 correct matches.

Fig. 6.14 . Statue of Liberty, with transition tilt 2 [1:3;1 ). ASIFT (shown), SIFT (shown),
Harris-A ne, Hessian-A ne and MSER nd respectively 22, 1, 0, 0 and 0 correct matches.

without altering (A.1), and we can as above ensure 2 [0; ) by adapting and
The nal decomposition is obtained by taking for the smaller eigenvalue oDz. 0

REFERENCES

[1] A. Agarwala, M. Agrawala, M. Cohen, D. Salesin, and R. Sze liski. Photographing long scenes
with multi-viewpoint panoramas. International Conference on Computer Graphics and
Interactive Techniques , pages 853{861, 2006.

[2] AP Ashbrook, NA Thacker, Pl Rockett, and Cl Brown. Robust recognition of scaled shapes
using pairwise geometric histograms. Proc. BMVC , pages 503{512, 1995.

[3] A. Baumberg. Reliable feature matching across widely se parated views. Proc. of the IEEE
Conf. on Computer Vision and Pattern Recognition , 1:774{781, 2000.

[4] H.Bay, T. Tuytelaars, and L. Van Gool. Surf: Speeded upro bust features. European Conference
on Computer Vision , 1:404{417, 2006.

[5] S. Belongie, J. Malik, and J. Puzicha. Shape Matching and Object Recognition Using Shape
Contexts. |EEE Trans. Pattern Anal. Mach. Intell. , 2002.



ASIFT: A New Framework for Fully A ne Invariant Image Compar ison 29

Fig. 6.15 . Image matching with object deformation. Left: ag. ASIFT (s hown), SIFT, Harris-
A ne, Hessian-A ne and MSER nd respectively 141, 31, 15, 10 and 2 correct matches. Right:
SpongeBob. ASIFT (shown), SIFT, Harris-A ne, Hessian-A n e and MSER nd respectively 370,
75, 8, 6 and 4 correct matches.

[6] M. Bennewitz, C. Stachniss, W. Burgard, and S. Behnke. Me tric Localization with Scale-
Invariant Visual Features Using a Single Perspective Camer a. European Robotics Sympo-
sium, 2006.

[7] M. Brown and D. Lowe. Recognising panorama. In  Proc. the 9th Int. Conf. Computer Vision,
October, pages 1218{1225, 2003.

[8] F. Cao, J.-L. Lisani, J.-M. Morel, P. Mug, and F. Sur. A Theory of Shape Identi cation
Springer Verlag, 2008.

[9] E.Y. Chang. EXTENT: fusing context, content, and semant ic ontology for photo annotation.
Proceedings of the 2nd international workshop on Computer v ision meets databases, pages
5{11, 2005.

[10] Q. Fan, K. Barnard, A. Amir, A. Efrat, and M. Lin. Matchin g slides to presentation videos

using SIFT and scene background matching. Proceedings of the 8th ACM international

workshop on Multimedia information retrieval , pages 239{248, 2006.
[11] O. Faugeras. Three-Dimensional Computer Vision: A Geometric Viewpoint . MIT Press, 1993.
[12] L. Fevrier. A wide-baseline matching library for Zeno . Internship  report,

www.di.ens.fr/~fevrier/papers/2007-InternsipReportl LM.pdf , 2007.

[13] J.J. Foo and R. Sinha. Pruning SIFT for scalable near-du plicate image matching. Proceedings
of the Eighteenth Conference on Australasian Database , 63:63{71, 2007.

[14] G. Fritz, C. Seifert, M. Kumar, and L. Paletta. Building detection from mobile imagery using
informative SIFT descriptors. Lecture Notes in Computer Science , pages 629{638.

[15] I. Gordon and D.G. Lowe. What and Where: 3D Object Recogn ition with Accurate Pose.
Lecture Notes in Computer Science , 4170:67, 2006.

[16] J.S. Hare and P.H. Lewis. Salient regions for query by im age content. Image and Video
Retrieval: Third International Conference, CIVR , pages 317{325, 2004.

[17] C. Harris and M. Stephens. A combined corner and edge det ector. Alvey Vision Conference ,
15:50, 1988.

[18] T. Kadir, A. Zisserman, and M. Brady. An Ane Invariant S alient Region Detector. In
European Conference on Computer Vision , pages 228{241, 2004.

[19] Y. Ke and R. Sukthankar. PCA-SIFT: A more distinctive re  presentation for local image descrip-
tors. Proc. of the IEEE Conf. on Computer Vision and Pattern Recogn ition , 2:506{513,
2004.

[20] J. Kim, S.M. Seitz, and M. Agrawala. Video-based docume nt tracking: unifying your physical
and electronic desktops. Proc. of the 17th Annual ACM Symposium on User interface
Software and Technology , 24(27):99{107, 2004.

[21] B.N. Lee, W.Y. Chen, and E.Y. Chang. Fototi: web servic e for photo management. Pro-
ceedings of the 14th annual ACM international conference on  Multimedia , pages 485{486,
2006.



30

(22]

(23]
(24]

(25]

[26]
[27]

(28]
[29]

(30]
(31]
(32]

(33]
(34]

(35]

(36]

(37]
(38]

(39]

[40]
[41]
[42]

[43]

[44]

[45]

[46]

[47]
(48]

[49]

J-M. MOREL AND G. YU

H. Lejsek, F.H. Asmundsson, B.T. bnsson, and L. Amsaleg. Scalability of | ocal image descrip-
tors: a comparative study. Proceedings of the 14th annual ACM international conferenc e
on Multimedia , pages 589{598, 2006.

T. Lindeberg. Scale-space theory: a basic tool for anal yzing structures at dierent scales.
Journal of Applied Statistics , 21(1):225{270, 1994.

T. Lindeberg and J. Garding. Shape-adapted smoothing i n estimation of 3-D depth cues from

a ne distortions of local 2-D brightness structure. Proc. ECCV , pages 389{400, 1994.

. Lindeberg and J. @rding. Shape-adapted smoothing in estimation of 3-D shape cues
from a ne deformations of local 2-D brightness structure. Image and Vision Computing ,
15(6):415{434, 1997.

H. Ling and D.W. Jacobs. Deformation invariant image ma tching. In Proc. ICCV , pages
1466{1473, 2005.

. Ling and K. Okada. Di usion Distance for Histogram Co  mparison. In Proc. CVPR , pages
246{253, 2006.

D.G. Lowe. SIFT Keypoint Detector: online demo http:// www.cs.ubc.ca/ lowe/keypoints/.

D.G Lowe. Distinctive image features from scale-invar iant key points. International Journal
of Computer Vision , 60(2):91{110, 2004.

G. Loy and J.O. Eklundh. Detecting symmetry and symmetr ic constellations of features.
Proceedings of ECCV , 2:508{521, 2006.

J. Matas, O. Chum, M. Urban, and T. Pajdla. Robust wide-b  aseline stereo from maximally
stable extremal regions. Image and Vision Computing , 22(10):761{767, 2004.

J. Matas, O. Chum, M. Urban, and T.g Pajdla. Wbs image mat cher: online demo
http://cmp.felk.cvut.cz/ whsdemo/demo/.

K Mikolajczyk. http://www.robots.ox.ac.uk/ vgg/research/a ne/.

K. Mikolajczyk and C. Schmid. Indexing based on scale in variant interest points. Proc. ICCV ,
1:525{531, 2001.

K. Mikolajczyk and C. Schmid. An ane invariant interes t point detector. Proc. ECCV ,
1:128{142, 2002.

K. Mikolajczyk and C. Schmid. A Performance Evaluation of Local Descriptors. In Interna-
tional Conference on Computer Vision and Pattern Recogniti  on, volume 2, pages 257{263,
June 2003.

K. Mikolajczyk and C. Schmid. Scale and A ne Invariant | nterest Point Detectors. Interna-
tional Journal of Computer Vision , 60(1):63{86, 2004.

K. Mikolajczyk and C. Schmid. A Performance Evaluation of Local Descriptors. |EEE Trans.
PAMI , pages 1615{1630, 2005.

K. Mikolajczyk, T. Tuytelaars, C. Schmid, A. Zisserman , J. Matas, F. Scha alitzky, T. Kadir,
and L.V. Gool. A Comparison of A ne Region Detectors. International Journal of Com-
puter Vision , 65(1):43{72, 2005.

P. Moreels and P. Perona. Common-frame model for object recognition. Neural Information
Processing Systems, 2004.

P. Moreels and P. Perona. Evaluation of Features Detect ors and Descriptors based on 3D
Objects. International Journal of Computer Vision , 73(3):263{284, 2007.

J.M. Morel and G. Yu. On the consistency of the SIFT metho d. Technical Report Prepublica-
tion, to appear in Inverse Problems and Imaging (IP1), CMLA, ENS Cachan, 2008.

A. Murarka, J. Modayil, and B. Kuipers. Building Local S  afety Maps for a Wheelchair Robot
using Vision and Lasers. In Proceedings of the The 3rd Canadian Conference on Computer
and Robot Vision . IEEE Computer Society Washington, DC, USA, 2006.

P. Mug, F. Sur, F. Cao, and Y. Gousseau. Unsupervised t hresholds for shape matching. Proc.
of the International Conference on Image Processing , 2:647{650.

P. Mus, F. Sur, F. Cao, Y. Gousseau, and J.M. Morel. An A Contrario Decision Method for
Shape Element Recognition. International Journal of Computer Vision , 69(3):295{315,
2006.

A. Negre, H. Tran, N. Gourier, D. Hall, A. Lux, and JL Crow ley. Comparative study of People
Detection in Surveillance Scenes. Structural, Syntactic and Statistical Pattern Recognitio  n,
Proceedings Lecture Notes in Computer Science , 4109:100{108, 2006.

D. Nister and H. Stewenius. Scalable recognition with a vocabulary tree. Proc. of the IEEE
Conf. on Computer Vision and Pattern Recognition , pages 2161{2168, 2006.

D. Pritchard and W. Heidrich. Cloth Motion Capture. Computer Graphics Forum , 22(3):263{
271, 2003.

F. Riggi, M. Toews, and T. Arbel. Fundamental Matrix Est imation via TIP-Transfer of Invari-
ant Parameters. Proceedings of the 18th International Conference on Patter n Recognition
(ICPR'06)-Volume 02 , pages 21{24, 2006.

—

T



(50]

(51]

(52]

(53]

(54]
[55]
[56]
[57]
(58]
[59]

(60]

(61]

(62]
(63]

(64]

(65]

ASIFT: A New Framework for Fully A ne Invariant Image Compar ison 31

J. Ruiz-del Solar, P. Loncomilla, and C. Devia. A New App roach for Fingerprint \eri cation
Based on Wide Baseline Matching Using Local Interest Points and Descriptors. Lecture
Notes in Computer Science , 4872:586, 2007.

F. Scha alitzky and A. Zisserman. Multi-view matching for unordered image sets, or How do
| organize my holiday snaps?. Proc. ECCV , 1:414{431, 2002.

P. Scovanner, S. Ali, and M. Shah. A 3-dimensional SIFT d escriptor and its application to
action recognition. Proceedings of the 15th international conference on Multim  edia, pages
357{360, 2007.

S. Se, D. Lowe, and J. Little. Vision-based mobile robot localization and mapping using
scale-invariant features. Robotics and Automation, 2001. Proceedings 2001 ICRA. IEEE
International Conference on , 2, 2001.

S. Sinha, J.M. Frahm, M. Pollefeys, et al. GPU-based Vid eo Feature Tracking and Matching.
EDGE 2006, workshop on Edge Computing Using New Commaodity Ar chitectures, 2006.

N. Snavely, S.M. Seitz, and R. Szeliski. Photo tourism:  exploring photo collections in 3D. ACM
Transactions on Graphics (TOG) , 25(3):835{846, 2006.

T. Tuytelaars and L. Van Gool. Wide baseline stereo matc hing based on local, a nely invariant
regions. British Machine Vision Conference , pages 412{425, 2000.

T. Tuytelaars and L. Van Gool. Matching Widely Separate  d Views Based on A ne Invariant
Regions. International Journal of Computer Vision , 59(1):61{85, 2004.

T. Tuytelaars, L. Van Gool, et al. Content-based image r  etrieval based on local a nely invariant
regions. Int. Conf. on Visual Information Systems , pages 493{500, 1999.

L. Vacchetti, V. Lepetit, and P. Fua. Stable Real-Time 3 D Tracking Using Online and O ine
Information. IEEE Trans PAMI , pages 1385{1391, 2004.

L.J. Van Gool, T. Moons, and D. Ungureanu. A ne/Photome tric Invariants for Planar Inten-
sity Patterns. Proceedings of the 4th European Conference on Computer Visi on-Volume
I-Volume | , pages 642{651, 1996.

M. Veloso, F. von Hundelshausen, and PE Rybski. Learnin g visual object de nitions by observ-
ing human activities. In  Proc. of the IEEE-RAS Int. Conf. on Humanoid Robots, , pages
148{153, 2005.

M. Vergauwen and L. Van Gool. Web-based 3D Reconstructi on Service. Machine Vision and
Applications , 17(6):411{426, 2005.

K. Yanai. Image collector Ill: a web image-gathering sy stem with bag-of-keypoints. Proc. of
the 16th Int. Conf. on World Wide Web , pages 1295{1296, 2007.

G. Yang, CV Stewart, M. Sofka, and CL Tsai. Alignmentof ¢ hallenging image pairs: Re nement
and region growing starting from a single keypoint correspo ndence. |IEEE Trans. Pattern
Anal. Machine Intell. , 2007.

J. Yao and W.K. Cham. Robust multi-view feature matchin g from multiple unordered views.
Pattern Recognition , 40(11):3081{3099, 2007.



