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Abstract
This article describes an experimental procedure to analyze (and verify) the self-similarity concept in natural images and to explore the Gaussianity of groups of similar patches extracted
from a single image. The self-similarity assumption means that most image patches of a sufficient size are repeated, of course not identically, but with small variations. The procedure
proposed in this paper, and implemented in the accompanying online demo, permits to explore
and visualize these clusters of similar patches in a given image. Thanks to it, a user can select
a patch in an image, group all patches similar to it up to a translation, or to an isometry, apply
PCA to the group, make visual tests about the Gaussianity of the set of patches, and finally
apply EM to the set to see if it is a mixture of Gaussians.
Source Code
The reviewed and documented source code and an online demo are available at the web page of
this article1 . Compilation and usage instructions are included in the README.txt file of the
archive.
Keywords: patches; sparsity; Gaussianity; Gaussian mixture; PCA; eigenvectors
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Introduction

Most digital images are obtained as a snapshot of a natural scene or of a human life scene. Because
each scene is a snapshot of a local part of the visual surrounding, it generally depicts groups of
objects that have the same origin or the same cause. Also, each object is often self-coherent and
therefore also shows similar parts. This image self-similarity is generally expressed by the fact that
small image square blocks, which we shall call patches are repeated in a given image. Images are
actually often replete with self-similar structures such as periodic patterns, edges, regular textures
and smooth regions. Thus, exploring locally the patch space of the image amounts to explore a
clustered space where each cluster groups similar patches.
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This intuition has been used in most image restoration and analysis algorithms. There are so many
articles assuming image self-similarity that it is impossible even to cite a balanced sample of them. As
they are now called, “patch based” methods, or “non-local” methods are prominent. We are limited
to cite a few, to illustrate the diversity of applications of the supposed self-similarity. It is used for the
purpose of denoising [8, 9, 37, 17, 7, 11, 18, 15, 22, 44, 61, 60, 43], sometimes actually analyzing patches
by PCA [39, 40, 55, 12, 64, 47, 57]. Repeated patches in an image are used for noise estimation [51, 52],
for a random exploration of patches through their similarity [58], for fast image matching [3]. The
assumed clustered structure of the set of patches in an image has led to many algorithms building
patch dictionaries of images or of groups of images, thus yielding a sparse image representation [41,
42, 46, 1, 27]. Influential texture synthesis or restoration algorithms have been based on the selfsimilarity assumption [26, 6, 50]. The patch self-similarity is also invoked in image deblurring [38, 36,
45, 65], image segmentation [32, 4], demosaicking [10], stereovision [34], superresolution [25, 54, 19],
inpainting [2, 62], and SAR imagery [23, 21]. The representation of the set of patches of an image
is often made through a Gaussian mixture computed by the Expectation Maximization algorithm
(EM) [63, 67]. Convolutional neural networks are also exploring local receptive fields that can be
assimilated to patches, and there is an active search of nonlocal or self-similarity based CNNs [20,
35, 56].
This article describes an experimental procedure that allows exploring the structure of a set of
similar patches. It provides several basic data analysis and visualization tools to do so. Indeed, the
self-similarity can be explored by taking image patches of any size between 2 × 2 and 16 × 16. The
self-similarity assumption means that most patches are repeated, of course not identically, but with
small variations. Our goal is to have a microscope directed at a group of similar patches. So we shall
be looking at the set of patches locally and in a single image. We have no claim at deducing from
this exploration a global structure for the set of all patches. The proposed microscope amounts to
selecting a patch in an image, then exploring the set of its similar patches, first by a visualization,
then by analyzing its structure through PCA [48] or by a Gaussian mixture model [24], as suggested
by several papers mentioned above.
Note that assuming that patches are repeated with variations is compatible with several structure
assumptions for the set of patches. They might be just clustered, but many papers have claimed that
patches belong to low dimensional manifolds [49]. This manifold has even been proposed to have
the structure of a Klein bottle [14]. This observation can be considered as an observation artifact,
which we shall try to avoid. Indeed, following the argumentation of the authors, most self-similar
structures in images are actually edges. Consider the simplest possible non trivial edge image, namely
a Heaviside function. Patches in such an image are of two kinds: the patches that do not meet the
edge are constant patches and form two perfect clusters. The patches that meet the edge depend
on two parameters: the angle θ ∈ [− π2 , π2 ] between their most horizontal side and the edge, and the
signed distance δ ∈ [−d, d] of the center of the patch to the edge. As pointed out by the authors
of [14], this 2-parameter set of patches forms a Klein bottle. This structure is therefore inherent to
the patch extraction procedure. It may be observed for example if we take all patches of an image
containing a black circle on uniform background. Yet, when exploring locally similar patches on an
edge, for example, there is no reason to observe this Klein bottle structure. Another view on patch
structure is developed in the sparsity framework: the assumption is that patches can be expressed
as linear combinations of elementary patches taken in a well chosen dictionary [27]. It was shown
in [42] that groups of similar patches indeed are sparse in an adapted dictionary.
This assumption does not contradict the assumption that patches are grouped in Gaussian clusters. Indeed, some of these Gaussian clusters can indeed have a low effective dimension and are
therefore sparse (up to some noise residual). One of the goals of the online demo is precisely to verify
experimentally that this is the case for patches located on edges. Patches in textures, instead, live
in high dimension, as measured by PCA. This will be again easily verified by analyzing the set of
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patches similar to a patch selected in a textured part of the image.
The online demo helps analyzing the local variations of patches similar to a seed patch. Such
variations may be assumed to be random. So we shall analyse the set of similar patches as a random
vector. It is therefore natural to test first the simplest models for random vectors. We limit ourselves
to the Gaussian model, which is the simplest one, and to the Gaussian mixture model, which is the
next simplest one. Both are classic in image processing as we saw in the bibliographical analysis.
The Gaussian mixture model (GMM), however, is generally used for a larger set of patches, for
example all patches of a given image [63], or all patches of a set of images. In that case, the number
of Gaussians amounts to several hundreds [67]. In contrast, since we are looking at a single cluster,
the online demo applies the expectation minimization algorithm (EM) with the default assumption
of only two Gaussians. The goal of this application is to verify visually if the cluster of patches
similar to a seed is itself dividable into several clusters. The Gaussian model (which amounts to
computing a PCA of the sample patches) is compared to the two Gaussian models of the mixture in
several ways: the locations of the patch centers are colored in two different colors, the eigenvectors,
eigenvalue spectra, and ten typical samples of both Gaussians are displayed for comparison.
This allows the user to decide first if the choice of N , the number of similar patches, was too large,
or too small, and sometimes to relate the Gaussian mixture to some spatial variation. Of course it
can also lead to reject one of the models (Gaussian versus GM) in favor of the other, or to reject
both. We can anticipate a few empirical conclusions, that users will easily verify in a few clicks on
almost any image:
• for most patches, the number of similar patches often goes up to several hundreds;
• the right number can be found by looking at the variations of the “closest to closest” patches
and their histogram, in the first section of the online demo;
• clusters of Canny patches on edges are low dimensional and therefore “sparse”; this is checked
by looking at the PCA spectrum;
• clusters of Canny patches situated on edges are not Gaussian;
• clusters of textured patches are high dimensional. Furthermore, clusters in natural textures fit
well to a Gaussian model. Clusters of patches extracted from a structured manmade texture
are intermediate; they are high dimensional, but no longer clearly Gaussian.
The best method to understand the interest of the proposed exploration is to start playing
with the online demo. Section 2 describes the visual interaction of the online demo, that helps
performing the analysis of the set of patches similar to a selected one. Section 3 analyses in detail
three groups of patches extracted from an image. The following sections give all the details on the
algorithms to extract the patches, normalize them, group them, and analyze their groups. Section 4
is dedicated to the various procedures to extract similar patches to a given one, up to a choice of
patch normalization. It details this normalization, which can make patch comparison invariant to
rotations and affine changes of the gray level scale. Section 5 details the algorithms of the main
tools to analyze and visualize a group of similar patches: PCA (analyzing the group as samples of
a single Gaussian vector) and the application of Expectation Minimization to analyse the group as
a Gaussian mixture by the Expectation Maximization algorithm. Normality tests are performed on
the components of the PCA.

2

Description of the Online Demo

The positions of the closest patches to a seed patch. Given a patch that has been selected as
seed, the algorithm looks at its closest (or most similar) patches for the l2 distance in a wide enough
286

Exploring Patch Similarity in an Image

image neighborhood. Indeed, our postulate is that the chances of finding similar patches to a given
one are much higher nearby, in a spatial neighborhood of the seed. The online demo provides three
choices: the user can pick an arbitrary patch for seed (with the “all points” option) and explore
all patches similar to it. Or she can be guided to play only among patches with an automatically
computed center, either centered on “Canny points” or edges, or on “Harris points” or corners. It
may indeed be more sensible to pick patches that have been centered on a relevant image structure,
such as edges or corners and to force its similar patches to be also centered in the same way. Forcing
similar patches to be centered on an edge excludes the spatial neighbor patches that are still close for
the Euclidean distance but are not centered on an edge. Furthermore, picking, for example, Canny
edges, leads to a more reliable normalization by orientation, because the gradient orientation is well
defined at such points.

Figure 1: Selecting the center of the reference patch by clicking on the image.

By “centered” we mean that the seed patch is centered on an image edge, namely at a Canny
point. Thus, it is somewhat centered on a visible image structure, and will be compared with patches
of the same kind. By “normalized” we mean that patches will be considered similar up to an arbitrary
rotation, as sometimes required in image analysis [66, 28]. This requirement is justified for example
if we wish to consider all the patches centered on the boundary of a disk as similar to each other. The
distance between patches is made rotation invariant by extracting patches with a vertical direction
equal to the direction of the gradient at their center. Such patches have a “normalized orientation”.
Our experimental procedure therefore is:
• select or upload an image;
• click on a point in the image, which will be marked in with a red dot (see Figure 1);
• choose the size of the local neighborhood (sub-window size, default: 100) and the type of information that shall be extracted from each pixel (RGB values or only intensity level - computed
as average of RGB values-)
• select the patch size (default: 8 × 8), the extraction method (default: patches centered at
Canny points), the normalization options (default: only normalize orientation), and the analysis
methods (default: PCA and GM2, a Gaussian mixture with two components);
• decide to normalize or not patch mean or variance;
• fix the number of closest patches to the central patch to be analyzed and displayed (default is
20 but higher values are recommended, up to several hundreds);
• click on the “run” button to start the analysis.
Figure 2 displays the main panel of the online demo with all the available options.
Then the analysis of the patches similar to the seed patches proceeds as follows:
• the patches extracted from the image’s sub-window around the central pixel are compared (by
l2 distance) to the central patch. These patches are sorted in increasing order of distance to
the central patch, forming the list of closest patches;
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Figure 2: Main control panel for patch extraction.

• for each one of the selected closest patches its own list of closest patches is also computed (this
is shown as the “closest to closest” list).
The online demo displays as results several illustrations of the closest patches to a given patch,
where the number of closest patches displayed is the one specified by the user under Number of closest
patches. More precisely, the number of displayed closest patches is the minimum of two values:
- the number of closest patches selected by the user;
- the total number of eligible patches in the selected sub-image: if the default option “Canny
points” has been selected, it may happen that their number is indeed smaller.
The online demo displays the centers of the closest patches to respectively:
• the central patch;
• the 1st closest patch;
• the 2nd closest patch;
• the 3rd closest patch;
• the third-from-last closest patch;
• the second-to-last closest patch;
• the last closest patch.
In each case the centers of the reference patches are displayed in blue and the centers of their closest
patches in red.
Comparing these groups of similar patches allows to verify if the group of selected similar patches
is complete or at least self-coherent: if it is, the set of patches closest to the first patch should not
differ too much from the set of patches closest to the “last closest” patch. Figure 3 displays such
a comparison between the set of 226 patch centers similar to a seed patch 1 (left) and the set of
centers of the 226 patches most similar to the least similar patch (with rank 226) to the seed patch
1. Both sets are similar, but not identical, which proves that the user might still extend the cluster
without losing its coherence. Figure 4 instead displays such a comparison between the set of 137
patch centers similar to a seed patch 1 (left) and the set of centers of the 137 patches most similar
to the least similar patch (with rank 137) to the seed patch 1. Both sets are nearly identical, which
proves that we see here a complete cluster.
In addition, this section of the demo displays three 2D histograms:
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Figure 3: Left: 226 centers (in red) of extracted patches that are similar to the seed patch (with center colored in blue) up
to a rotation, selected with the Canny option. Right: the 226 centers of patches that are closest to the 226th closest patch
of the seed patch. They include most of the preceding patches, thus illustrating the existence of a stable cluster of similar
patches.

Figure 4: Comparison between the set of 137 patch centers similar to a seed patch 1 (left in blue) and the set of centers
of the 137 patches most similar to the least similar patch (right, in blue with rank 137) to the seed patch 1. Both sets are
nearly identical, which proves that we see here a coherent cluster.

• the histogram of the positions of the centers of all closest patches to the closest patches. More
precisely, let N be the number of closest patches p1 , · · · pN to the seed patch p0 . Then the
N closest patches pij to pi are found. The histogram of the patch centers pij therefore has
N (N + 1) samples.
• the histogram of positions of the centers of closest to closest patches pij , after normalization of
their coordinates. This normalization consists, for each of the N patches pi in turn, to place it
in a fixed reference system centered at the patch’s center and whose vertical axis is oriented in
the direction of the gradient at center of the patch pi . Then the centers of all of its N similar
patches pij are placed in this common reference system.
• the previous histogram displayed in logarithmic scale. All views are designed to explore the
extent of the cluster, its completeness and its internal structure. Indeed the second histogram
presents a synopsis of all planar transforms sending patches to their similar patches.
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Exploring the model of the patches similar to a seed patch. The analysis of the similar
patches to our seed patch is pursued with an analysis of their structure, with the assumption that
it might be represented by a single Gaussian (hence applying PCA to the set), or by a Gaussian
mixture. The online demo therefore performs a PCA and a Gaussian mixture analysis (by the EM
algorithm, with the number of Gaussians selected by the user - from 2 up to 10 -) of the closest
patches and shows:
• an image (Patches GM closest (centers)), where the centers of the closest patches are represented in different colors depending on the Gaussian component they belong to;
• the seed patch, its top ten closest patches and, for each Gaussian in the mixture, the ten patches
with highest probability in that Gaussian. (see Figure 5);

Figure 5: Above: seed patch and its top ten closest patches. Below, the 10 patches with highest probability of each
component of the Gaussian mixture.

• the result of the PCA analysis: basis of eigenvectors of the Gaussian distribution fitted to the
set of closest patches, its spectrum in decreasing order (namely its eigenvalues in decreasing
order), and simulated random patches drawn from that distribution;
• the result of the Gaussian mixture analysis: for each Gaussian, its basis of eigenvectors and its
spectrum;
• 3D views of different projections of the set of patches onto the space generated by three vectors
of the PCA basis. These vectors are chosen by the user in the main control panel of the
demo. Different colors distinguish the patches belonging to different Gaussians in the Gaussian
mixture;
• the histograms of the coefficients of the patches on the basis vectors selected by the user, and
their comparison with the Gaussian having same mean and variance.
We now give more detail and explain the visualization. Our local representation of the patch
space aims at exploring the assumption that patches are clustered in groups of similar patches. It
culminates with the synthetic representation of the maximum likelihood estimate of a Gaussian model
for a given set of similar patches. As we mentioned, the Gaussian model is obtained by PCA or by
EM, as a component of a Gaussian mixture. This representation is illustrated in Figure 6.
In this figure, the seed patch of a set of similar patches is a 8 × 8 color patch centered at a Canny
point on a straight edge. Its dimension is 192 = 3 × 64. The displayed orthonormal basis of eigenvectors of PCA applied to the set of similar patches has therefore 192 elements. These patches are
displayed from left to right and from to bottom in decreasing order of magnitude of their corresponding eigenvalues. On the right, these magnitudes are displayed in the same order, hence demonstrating
that this particular set of patches is sparse, namely has only a few non-negligible coefficients. Eight
simulated patches of the Gaussian vector associated with the PCA are also displayed. These samples
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Figure 6: Representing a Gaussian modeling a group of similar patches. The seed patch was a 8 × 8 color patch centered
at a Canny point on a straight edge, and reoriented so that the direction of the edge is horizontal. Its dimension is
192 = 3 × 64. The displayed orthonormal basis of eigenvectors of PCA applied to the set of similar patches has therefore
192 elements. These patches are displayed from left to right and from top to bottom in decreasing order of magnitude
of their corresponding eigenvalues. On the right, these magnitudes are displayed in the same order, hence demonstrating
that this particular set of patches is sparse, namely has only a few non-negligible coefficients. Eight simulated patches of
the Gaussian vector associated with the PCA are also displayed. These samples are built by simulating their independent
Gaussian random coordinates on the PCA basis, each with a variance equal to the corresponding eigenvalue of the PCA.
They represent generic patches of this Gaussian, and should resemble the seed patch. The mean vector of the patch cluster,
which is a denoised version of the seed patch, is also displayed on the right of the basis.

have independent Gaussian random coordinates on the PCA basis, each with a variance equal to the
corresponding eigenvalue of the PCA. They represent generic patches of this Gaussian, and of course
resemble the seed patch. The mean vector of the patch cluster, which is a denoised version of the
seed patch, is also displayed on the right of the basis. Only the first ten eigenvalues matter in this
decomposition, so the effective basis of this cluster has only about ten dimensions. An examination
of the first row of the basis confirms that the basis indeed is adapted to such an edge patch and its
similar patches.
However, the dimension of such a cluster of patches, even if low, remains considerable and hardly
accessible to human perception. At best we can visualize three dimensions by simulating a 3D
volume. This is done by selecting three dimensions and by projecting the cluster on these three
dimensions, so that the coordinates of patches can be visualized in a cube. An example of this 3D
visualization is given in Figure 7. Each patch is represented with a different color, depending on the
Gaussian of the mixture it belongs to.
The histograms of projections onto the chosen coordinate axes are shown, together with a Gaussian distribution with the same mean and variance included for comparison. See Figure 8.
A χ-squared test is performed to evaluate the normality of each PCA projection. Experience
shows that such a test is very often negative, thus negating the normality. How strongly this normality
is negated is given by the p-value.
In addition, our visualization of the components of the PCA and its comparison with a Gaussian
with the same parameters gives hints about the normality or about the cause of non-normality. There
are at least two observation biases that may explain this non-normality. First, one generally observes
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Figure 7: The online demo allows to select three dimensions on which to project the patch cluster. Each dot corresponds
to the 3D coordinates of a patch. Blue and red distinguish the patches belonging to the first or the second component of a
Gaussian mixture. By moving a pointer on the column of tags on the left, one can animate the cube and see various views
of the cluster. This is a clear example where the Gaussian mixture is not dividing the cluster into sub-clusters. So a single
Gaussian seems sufficient to describe this cluster.

the presence of several subgroups of similar patches due to the grid sampling, which quantizes the
set of similar patches. For example if a patch is on a vertical edge, a first group of similar patches
will be perfectly aligned, but a second group will be centered in the column on the left, and a third
group on the right. Of course, there are other reasons for the non-normality. A simple one is the fact
that the set of the k most similar patches to a given patch is not Gaussian if k is too small, even if
these patches indeed obey the same Gaussian law!

Figure 8: Histogram of PCA projections on the first three components and their fit to Gaussians. See text for details.

Normalization of color patches. When the normalization options are chosen in the control panel
of the demo, mean and variance normalization of color patches is performed based on their intensity
(the average of the three color channels). More precisely:
• the intensity value I (i.e. average of R, G and B) is computed for each pixel in the patch;
• a new intensity I 0 is computed as I 0 = aI + b, with a and b such that Mean(I 0 ) = 0 and
Var(I 0 ) = 1;
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0

0

0

• the normalized values R0 , G0 , B 0 are computed as R0 = R II , G0 = G II , B 0 = B II . This procedure
guarantees that the intensity of the normalized color patch has mean 0 and variance 1, while
keeping the original R/G/B ratios.
Visualization of patches. For patch visualization, the following conventions are adopted:
• original patches are shown when there is no normalization involved (neither mean or variance
normalization),
• patches normalized by mean are re-normalized for display, so that the mean intensity value of
the displayed patch is 128,
• mean and variance normalized patches are re-normalized for display, so that the mean intensity
value of the displayed patch is 128 and its standard deviation 40.

3

A Study of Three Groups of Patches

In this section we illustrate the kind of observations that can be drawn from the application of the
algorithms to a set of similar patches. Three groups of patches are extracted from the three zones of
the Traffic image shown in Figure 9. One of the zones contains strong geometric edges on the city
bus. The second zone is a manmade texture, the bellows of the city bus, which makes a somewhat
periodic structure with variations due to its lighting and flexibility. The third zone is the foliage of
a tree, a clear example of natural texture.

Figure 9: Three seed patches will be picked from each of the three zones of the Traffic image surrounded by a white square.
One of the zones contains strong geometric edges on the city bus. The second zone is a manmade texture, the bellows of
the city bus, which makes a somewhat periodic structure with variations due to its lighting and flexibility. The third zone
is the foliage of a tree, a clear example of natural texture.

Figure 10 shows the first zone. The seed is a patch centered on a classic horizontal edge situated
in the exact center of the displayed image. We show in red the centers of its 199 closest patches,
that border the upper and lower part of the bus’ windows. To verify that the group of patches is
a sufficient sample of all really similar patches in the image, we also show the centers of the 199
patches that are closest to the last closest patch of the seed. Both sets are in good agreement, they
share many patches. Finally we display the histogram of all groups of 199 patches closest to any of
the initial 200. So this is the histogram of the positions of the centers of 39800 patches in the image.
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Figure 10: The seed is on a classic edge situated in the center of the image. Left: the 199 closest patches. Middle: the
199 patches that are closest to the last closest. Both sets are in good agreement. Right: the histogram of all groups of
199 patches closest to any of the initial 200: it is coherent, which indicates that we do have a self-coherent group of 200
similar patches.

This histograms aligns with the upper and lower boundaries of the bus windows, which indicates
that the group of 200 similar patches is a complete enough representative of these edges.
We show in Figure 11 the 199 closest patches to this edge seed. This long list of patches starts
with the seed itself, followed by its closest one, and so on. One can observe that, though very
similar, after the third line some of the patches have their main edge displaced upward or downward
by approximately one pixel. This is due to the interference of the sampling grid, that is almost
horizontal and therefore samples the similar patches with shifted grid origins. In short, sampling
issues impair the self-similarity of observed patches.

Figure 11: From left to right and from top to bottom the 199 closest patches to a seed extracted from the Traffic image.
The seed patch is the first one. Sampling issues impair the self-similarity of edges: some of the edges are displaced upward
or downward by one pixel.

We shall examine if this group is better represented by a single PCA or by the two Gaussians
obtained by a Gaussian mixture model obtained by expectation maximization. In Figure 12 we show
in blue and red the centers of the patches selected by a Gaussian mixture model with two Gaussians.
One of the groups is on the edge and the other one stays farther from the edge. So the constitution
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of these two groups is due to image sampling effects. We compare the mean patches of the PCA and
of the Gaussians 0 and 1 of the Gaussian mixture. It appears that the mean of the second Gaussian
contains an edge shifted downwards by approximately one pixel. So the GMM uncovered here two
groups of patches that are similar, but different due to a sampling grid effect. On the bottom right of
the figure we show the extremely sparse spectra of the three Gaussians, which are hardly more than
three-dimensional. The normalized standard deviations of the global PCA and of the two Gaussians
of the Gaussian mixture are respectively 10.49, 7.92 and 9.32. These numbers indicate that the two
Gaussians of the Gaussian mixture are not redundant: they have different means and variances, and
correspond to patches that are located on two different positions with respect to the sampling grid.
It made sense to use two Gaussians instead of one, since this has led to a coherent division of the
patches in two classes. These classes are rather an artifact caused by image sampling, though.

Figure 12: Left : In blue and red the centers of the patches selected by a Gaussian mixture model with two Gaussians. Top
right: The mean patches of the PCA and of the Gaussians 0 and 1 of the Gaussian mixture. Bottom right: the extremely
sparse spectra of the Gaussians, which are hardly more than three-dimensional.

Figure 13 shows the 192 eigenvectors of the PCA for the 199 patches most similar to the seed
patch. According to the spectrum of the PCA, only the first six eigenvalues are non negligible!
So the only relevant eigenvectors are the first six eigenvectors, which indeed show some geometric
structure, namely a vertical oscillation. The concentration of this set of similar patches is confirmed
by the ten patches sampled from this Gaussian shown on the bottom left of the figure. This is a clear
example where the “sparsity” of patches is verified. Similar observations can be made on all groups
of patches similar to a patch located on an image edge. PCA is often associated with the Gaussian
model, because it yields the maximum likelihood estimate of the Gaussian’s parameters. Yet, the
fact that PCA efficiently uncovers the low dimension of the data set does not imply normality. As
Figure 14 shows, this set of patches is not at all Gaussian. This figure shows on its left column, from
top to bottom, the projection of the patches on dimensions 1, 2, 3, then dimensions 4, 5, 6. It is
not necessary to display more dimensions. As we just saw, the PCA spectrum is almost zero for the
higher dimensions. The figure shows from left to right and from top to bottom the six histograms
of the 1D projections of the patches on the first six PCA dimensions. They clearly aren’t Gaussian.
The Anderson-Darling normality test confirms it with p-values < 10−4 in all the cases. Not only
these PCA projections are clearly non Gaussian but the first component is bi-modal, which can be
attributed as we saw to a sampling grid bias. The behavior of this (sparse and non-Gaussian) set of
edge patches is observed on most edge patches.
We now pass to examine a more complex set of patches, with its seed situated in the center of
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Figure 13: Left : the 192 eigenvectors of the PCA for the 199 patches most similar to the seed (top, middle). Top, right:
the spectrum of the PCA with only six non-negligible eigenvalue. Bottom left: ten patches sampled from this Gaussian,
very similar to the seed. This is a clear example where the “sparsity” of patches is verified.

Figure 14: Left column from top to bottom: the patch projections on dimensions 1, 2, 3, then dimensions 4, 5, 6. Right:
from left to right and top to bottom the histograms of the 1D projections of the patches on the six PCA dimensions.

the regular zone occupied by the bellows of a city bus. Figure 15 shows the set of closest patches to
the central seed. It is large, containing not less than 399 patches. The choice of such a large number
will be justified by several visual checks about the coherence of the patch set. In the middle, the
figure displays the centers of the 399 patches that are closest to the last closest. Both sets are in
good agreement. This is confirmed by the histogram displayed on the right of the figure. It is the
histogram of all groups of 399 patches closest to any of the initial 400. It contains 159600 samples,
most of which overlap, and anyway occupy a consistent region of the bellows.
We can now examine this whole set of patches and its coherence (see Figure 16). Starting from
the seed patch, these 399 closest patches are displayed in the order of their distance to the seed patch,
from left to right and from top to bottom. On the right of the figure, the positions of the centers
of these patches are displayed on the image itself. To see if there is any rationale in the division
operated by the Gaussian mixture model, we display in blue the patch centers of the first Gaussian
of the GM and in red the patch centers of the second. The positions of these centers are interlaced
and it is difficult to find any interpretation to this division.
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Figure 15: The seed is the central patch situated in a regular man made texture. Left: the centers of the 399 closest
patches. Middle: the 399 patches that are closest to the last closest. Both sets are in good agreement. Right: the histogram
of all groups of 399 patches closest to any of the initial 400. Almost all are contained in the same texture.

Figure 16: Left: from left to right and from top to bottom the 399 closest patches to the seed extracted from the Traffic
image in the zone of the bellows of the city bus, starting from the seed. Right: the positions of these patches in the image.
In blue the patch centers of first Gaussian of the GM and in red the patch centers of the second Gaussian.

This is confirmed in Figure 17 where we show all details of the PCA and GM analysis and compare
the spectra and simulated patches for the three Gaussians. The figure shows the seed patch, then the
spectrum of the PCA, then ten patches sampled from the PCA of the 399 patches most similar to the
seed, ten patches sampled from the first Gaussian in the GM, ten patches sampled from the second
Gaussian in the GM, finally the respective spectra of the PCA and of both Gaussians of the GM.
The spectra of the PCA and of both Gaussians are almost identical and their respective standard
deviations are 21.47, 20.41, 20.51. This leads to conclude that a single PCA is sufficient to represent
the set of patches. The high dimensionality, with about 25 dimensions relevant to give an account of
this group of patches, leads to surmise that the texture is not sparse at all. This is a clear example
where the “sparsity” of a set of patches is not verified. Similar observations can be made on many
groups of similar patches situated in structured textures.
But is it licit to talk about Gaussians? We already saw that the group of similar patches to a
simple geometric edge patch is not Gaussian at all. In Figure 18 we apply the normality tests again,
this time on the first nine dimensions of the PCA. There is no particular reason to examine each
GM separately, as we have just seen that they are largely redundant. With the same presentation
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Figure 17: From left to right and top to bottom: the seed patch, the spectrum of the PCA, ten patches sampled from
the PCA of the 399 patches most similar to the seed, ten patches sampled from the first Gaussian in the GM, ten patches
sampled from the second Gaussian in the GM, finally the respective spectra of the PCA and of both Gaussians of the GM.

as in Figure 14, we present in the first column from top to bottom: the projection of the patches
on dimensions 1, 2, 3, then dimensions 4, 5, 6, finally dimensions 7, 8, 9. Then, from left to right
and top to bottom we display the nine histograms of the 1D projections of the patches on the first
nine PCA dimensions. Their Anderson-Darling normality test (p-values) are respectively < 10−4 ,
0.0069, < 10−4 , < 10−4 , 0.3353, 0.0002, < 10−4 , 0.0034, 0.0064. (If p-value > 0.05 the hypothesis
that data follow a Gaussian distribution cannot be rejected.) This leads to reject normality for this
group of similar patches in a structured texture. Similar observations can be made on most manmade
textures.

Figure 18: Left column from top to bottom: the projection of the patches on dimensions 1, 2, 3, then dimensions 4, 5,
6, finally dimensions 7, 8, 9. Right: from left to right and top to bottom the nine histograms of the 1D projections of
the patches on the first nine PCA dimensions. Their Anderson-Darling normality test (p-values) are respectively < 10−4 ,
0.0069, < 10−4 , < 10−4 , 0.3353, 0.0002, < 10−4 , 0.0034, 0.0064.

We now pass to the third patch type announced in Figure 9, extracted from an image region
containing the foliage of a tree. Fig. 19 shows this textured region centered at the seed patch. On
the left the centers of the 399 closest patches are displayed as red dots. On the middle, we display
in the same way the centers of the 399 patches that are closest to the last closest. Both sets are in
good agreement, which is reassuring, as it means that we have a coherent group of similar patches.
This is confirmed on the right image showing the histogram of all groups of 399 patches closest to
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any of the initial 400. The shape of this histogram with 399 ∗ 400 = 159600 samples agrees with the
first two groups, which indicates that we do have a self-coherent group of 400 similar patches.

Figure 19: Analysis of the coherence of a group of similar patches. The seed is a textured patch situated in the center of
the image. Left: the 399 closest patches. Middle: the 399 patches that are closest to the last closest. Right: the histogram
of all groups of 399 patches closest to any of the initial 400.

Figure 20 displays all of the 399 closest patches to the seed extracted from the foliage of a tree
in the Traffic image, starting from the first seed. One can observe a high variability in the similar
patches. In a natural texture, the probability that two 8 × 8 patches strongly resemble is very low.
The right image of the same figure shows the positions of these patches in the image. To explore
if a classification of these patches makes sense we applied EM to find a Gaussian mixture with two
components. In blue we show the patch centers of the first Gaussian and in red the patch centers of
the second Gaussian. They interlace uniformly, so their division is arguably irrelevant.

Figure 20: Left: left to right and top to bottom, the 399 closest patches to the seed extracted from the foliage of a tree in
the Traffic image. The seed is the first one. Right: the positions of these patches in the image. In blue the patch centers
of the first Gaussian of the GM and in red the patch centers of the second GM.

This is actually confirmed by the experiment displayed in Figure 21. On the left, one can examine
the 192 eigenvectors of the PCA for the 399 8 × 8 patches most similar to the seed (top, middle).
According to the spectrum of the PCA (bottom, middle left), more than 64 dimensions are necessary
to give a precise account of this group of textured patches. It is not sparse at all. Thus, this is a
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clear example where the “sparsity” of patches is not verified. Similar observations can be made on
many groups of similar patches situated in unstructured textures. The other two spectra displayed
on the bottom right are the the spectra of the first and second Gaussian of the GM. They are
almost identical to the spectrum of the global PCA. The respective standard deviations of the PCA
and of the first and second Gaussians are respectively 22.40, 21.63 and 22.11. This means that
the variability of the patches is not reduced by dividing them into two different Gaussians. So the
Gaussians of the GM are redundant and we can conclude that a single Gaussian is enough to model
the set. We observed that the variability of appearance of the patches is high in this group. This is
also reflected by the fact that their mean (top right) is blurry, compared to the seed.

Figure 21: Left : the 192 eigenvectors of the PCA for the 399 8 × 8 patches most similar to the seed (top, middle). Top
middle and right : the seed patch, and the mean of the PCA. Bottom right: The spectrum of the PCA and the spectra of
the first and second Gaussians of the GM.

In Figure 22 we show on the left column, from top to bottom, the projection of the patches on
dimensions 1, 2, 3, then dimensions 4, 5, 6, finally dimensions 7, 8, 9. Then from left to right and
top to bottom we display the nine histograms of the 1D projections of the patches on the first nine
PCA dimensions. Their Anderson-Darling normality test gives respectively p= 0.260, 0.015, 0.035,
0.101, 0.078, 0.052, 0.074, 0.032, 0.8808. The p-value is the probability that the hypothesis that
the observed data follow a Gaussian distribution cannot be rejected. The p-values observed for this
set are therefore close to Gaussian, as can also be observed visually. This leads to conclude that,
in contrast with what happens with edges and structured textures, similar groups in unstructured
natural textures are approximately Gaussian. Similar observations can be made on most natural
textures.

4

Extraction of a Group of Similar Patches

This section describes all tools to select a patch, normalize it up to a rotation, or an affine map of
the gray scale. Patches can be selected in a subclass, like the ones centered at Canny points [13]
(edges) or at Harris corners [33]. So we also describe how to compute the gradient and then the
Canny or Harris points which will be the center of a patch. We also describe the computation of
the structure tensor [30], which yields a robust way to associate an intrinsic orientation around each
point. Once the orientation at a point has been fixed, the patch centered at this point with sides
parallel or orthogonal to the local orientation is sampled by interpolation so we also describe this
interpolation and sampling operation. The main algorithm for patches extraction is summarized in
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Figure 22: Left column from top to bottom: the projection of the patches on dimensions 1, 2, 3, then dimensions 4, 5,
6, finally dimensions 7, 8, 9. Right: from left to right and top to bottom the nine histograms of the 1D projections of the
patches on first nine PCA dimensions. Anderson-Darling normality p-values: p= 0.260, 0.015, 0.035, 0.101, 0.078, 0.052,
0.074, 0.032, 0.8808.

Algorithm 1. This algorithm lists first all the options of the demo. Then it specifies how the set of
patches, which will be the object of the demo, is being computed, depending on the chosen options.
The output of Algorithm 1 is the set of patches extracted from the image that will thereafter be
searched to find the N closest patches to a seed patch selected by the user. In short, Algorithm 1 is
a synopsis of the preparation of the set of patches which will be explored. The multiple options of
the algorithm are further described in more detail in the following sections.

4.1

Gradient Computation

Let u(i, j), i = 0, . . . w − 1, j = 0, . . . , h − 1, be a digital image with values in the range [0, 255]. The
raw gradient vectors G = (Gx , Gy ) are computed using one of the following formulas:
• Sobel gradient 2 . The gradient at point (i, j) is computed by the following convolutions



−1 0 +1
1
Gx (i, j) =  −2 0 +2  ∗ u(i, j)
4
−1 0 +1




−1 −2 −1
1
0
0  ∗ u(i, j).
Gy (i, j) =  0
4
1 +2 +1

(1)

• Scharr gradient 2 . The gradient at point (i, j) is computed by the following convolutions



−3 0 +3
1 
−10 0 +10  ∗ u(i, j)
Gx (i, j) =
16
−3 0 +3




−3 −10 −3
1 
0
0
0  ∗ u(i, j). (2)
Gy (i, j) =
16
+3 +10 +3

• Bilinear gradient (gradient of the bilinear interpolate of u). The gradient at point (i+0.5, j+0.5)
2

Sobel operator, Wikipedia,http://en.wikipedia.org/wiki/Sobel_operator (as of Oct. 18, 2012, 13:00 GMT)
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is
Gx (i + 0.5, j + 0.5) =

(u(i + 1, j) + u(i + 1, j + 1)) − (u(i, j) + u(i, j + 1))
,
2

(3)

(u(i, j + 1) + u(i + 1, j + 1)) − (u(i, j) + u(i + 1, j))
Gy (i + 0.5, j + 0.5) =
.
2
Algorithm 1: Main algorithm for patches extraction
1

Input
: u gray scale or color image
Parameters (defaults in black):
• color flag: if set (and the image has 3 channels), then process 3 channel patches, else process patches
with the intensity component
• patch size (κ, consider square patches) (κ = 8)
• normalization options:
– location normalization
(method for selection of patch centers): all, Canny or Harris
– orientation normalization: nOrientation flag (active)
– average value normalization:nMean flag (active)
– variance normalization: nVariance flag (active)
• gradient computation options
(only needed if Canny or Harris are selected or if nOrientation flag is active):
– gradient computation method: Sobel, Scharr , bilinear
– gradient refinement: none, smooth
• interpolation options (for patches sampling): nearest, bilinear [31], cubic B-spline [59].
Output

2

: patches data (set of vectors of dimension d × κ × κ, where d = 1 if input image is
gray or color flag is set to false, else d = 3)

Basic algorithm:
• select the centers of the patches (use all pixels or apply Algorithms 3 or 4)
• sample an image patch of size d × κ × κ around each center (Algorithm 5)

The values of |Gx | and |Gy | are in the range [0, 255]. Note that G is a discrete gradient field and
the set of discrete points on which it is defined is either of the form {(i, j) : (i, j) ∈ [0, w)×[0, h) ⊂ Z2 }
(Sobel/Scharr formulas) or {(i + 0.5, j + 0.5) : (i, j) ∈ [0, w) × [0, h) ⊂ Z2 } (bilinear formula). For
simplicity, in the following, by G(i, j) we will denote either the gradient at (i, j) or (i + 0.5, j + 0.5),
the exact meaning depending on the method used for its computation.
It is possible to refine the value of the gradient at a given point by using information of the
gradients at neighbor points. The goal is to obtain a smoother gradient field.
Gradient information around a point is summarized by the structure tensor, a 2 × 2 matrix
computed as described in Algorithm 2.
This algorithm can be understood as the computation of the image’s dominant direction around
(i, j). Indeed, M (i, j) is the linear projector on the line directed by the gradient at (i, j), and its first
eigenvector is precisely this gradient, up to its sign. But M (i, j) is positive, so an average of such
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Algorithm 2: Computation of structure tensors
Input
Output
1
2

: G (discrete gradient field), r (radius of neighborhood)
: MS structure tensor at each point

foreach discrete point (i, j) do
define

M (i, j) =

G2x (i, j)
Gx (i, j)Gy (i, j)
Gx (i, j)Gy (i, j)
G2y (i, j)



compute

3

MS (i, j) =

X

M (i0 , j 0 )wG (i0 , j 0 )

(i0 ,j 0 )∈Dr

4

// Dr = {(i0 , j 0 ) : d((i, j), (i0 , j 0 )) ≤ r} is the set of neighbors of (i, j)
// d((i, j), (i0 , j 0 )) is the Euclidean distance between (i, j) and (i0 , j 0 )
// wG are weighting factors, either constant or regular samples of a Gaussian
function
P
0 0
// In any case, they are normalized so that
(i0 ,j 0 )∈Dr wG (i , j ) = 1
end

matrices makes sense. So MS (i, j) can be interpreted as a mean of projectors on gradients. Being
again positive, one can take its first eigenvector and consider it as the mean gradient direction. The
only inconvenience of this mean gradient is that it has lost its orientation. Once the structure tensor
at each point is computed, the gradient smoothing algorithm is applied. Its goal is to give a
definite orientation to this robust mean gradient. Since the first eigenvector of the structure tensor
is interpreted as an average gradient, but defined up to its sign, this sign must be specified. To that
aim we start from u, the gray scale image, MS the structure tensor at each discrete point (i, j) and
the neighborhood Dr , both defined in Algorithm 2. We diagonalize MS and denote by λ1 its largest
eigenvalue and by t1 its associated eigenvector. Then the “smooth gradient vector” at (i, j) is defined
by
p t1
,
(4)
Gs (i, j) = κ λ1
|t1 |
where
κ = sign(

X

sign((i0 − i, j 0 − j) ·

(i0 ,j 0 )∈Dr

t1
)u(i0 , j 0 )).
|t1 |

In that way, the smooth gradient points in the direction of increasing u.

4.2

Selection of Patch Centers

The centers of the patches can be selected in three different ways:
• Select all: all pixels positions (i, j) are used as centers of the patches (except the ones near the
border of the image, so that the patches are inside the image domain). If bilinear interpolation
has been used for computing the gradients, then an offset factor (0.5, 0.5) is added to the
selected positions (since gradients are known at points of the form (i + 0.5, j + 0.5)).
• Centers at Canny points (i.e. edge points). These points are defined as extrema of the modulus
of the gradient in the direction of the gradient, and are computed as described in Algorithm 3.
303

Jose-Luis Lisani, Jean-Michel Morel

Algorithm 3: Extraction of Canny points
Input
Output
1
2
3

: G (discrete gradient field, raw or smooth, computed with Equations (1), (2) or (3)
or (4)), T h (threshold on the gradient magnitude)
: set of Canny points

foreach discrete point (i, j) do
if ||G(i, j)|| > T h then
compute
– unitary vector in the direction of the gradient Gu (i, j) =

G(i,j)
||G(i,j)||

– (in , jn ): nearest discrete point to (i, j) + Gu
– (ip , jp ): nearest discrete point to (i, j) − Gu

4
5

if ||G(i, j)|| > ||G(in , jn )|| and ||G(i, j)|| > ||G(ip , jp )|| then
label (i, j) as a Canny point
end
end
end

• Centers at Harris points (i.e. corner points [33]). These points are computed as described in
Algorithm 4.
Algorithm 4: Extraction of Harris points
Input
Output
1
2

: G (discrete gradient field, raw, computed with Equations (1), (2) or (3))
: set of Harris points

foreach discrete point (i, j) do
compute the structure tensor MS (i, j) (Algorithm 2), using a neighborhood of radius 1.

3

define the cornerness of a point as C(i, j) = (ab − c2 ) − k(a + b) // k is a fixed value


a c
.
(k = 0.05) and a, b, c are the elements of MS (i, j) =
c b

4

5

// T is a fixed threshold (T = 0.01) and Cmax = max C(i, j)
i,j

6
7
8
9

10
11

12
13
14

if C(i, j) < T · Cmax then
set C(i, j) = 0
end
end
// find local maxima of the cornerness function:
foreach pixel (i, j) do
if C(i, j) > C(i0 , j 0 ) for all (i0 , j 0 ) connected to (i, j) then
// use 4 connectivity: (i, j) is connected with (i ± 1, j) and (i, j ± 1)
label (i, j) as a Harris point
end
end

4.3

Sampling of Patches

This section consists of two algorithms. Algorithm 5 takes a list of patch centers and the chosen patch
normalization options. It delivers a list of resampled patches in vector form. Algorithm 6 describes
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the simple normalization of mean and variance of a given patch by applying an affine map to its
value, so the patch mean is zero and its variance 1. Note that one can go far beyond normalizing
patches by translation, rotation, and affine maps on the intensity as we do here. In [29] for example,
one finds the implementation of a method that extracts image patches normalized with respect to
a geometric affine transformation. As such, it needs to define a sampling grid and interpolate the
image to sample the patches, much like Algorithm 5.

5

Analysis of the Space of Patches

5.1

Principal Components Analysis (PCA)

The principal components [48] of a set of data vectors with equal dimension are defined as the
eigenvectors of the empirical covariance of this set of vectors.
The PCA algorithm described in this section (see Algorithm 7) takes as input a set of data vectors
of dimension d and gives a set of d directions, the eigenvectors of the empirical covariance matrix, and
the corresponding variances, which are the eigenvalues of this same matrix. In the presentation we
adopt, the eigenvectors are sorted in decreasing value of variance. The set of principal components
form an orthonormal basis adapted to the set of data vectors. In many natural data sets, the decay
of the eigenvalues is steep and can lead to a dimension reduction of the data set, by simply projecting
the vectors on the subset generated by the eigenvectors with nonnegligible associated eigenvalue.
Note that the variance of the data along each principal component is its corresponding eigenvalue.
This last property assumes that the original data vectors have been shifted so that their mean vector
is 0.

5.2

Gaussian Mixture Estimation

A popular method of analysis of a set of data is to assume that they follow a Gaussian mixture model,
that is, each data vector has been drawn from one of several possible multidimensional Gaussians.
This has been for example applied to image restoration in [67, 63].
Assuming known the number of Gaussians in the model (K), the goal is to infer their parameters
(mean and covariance) and to estimate the probability for each data vector to be drawn from each
Gaussian (or, alternatively, the probability of each Gaussian in the mixture). This can be achieved
with the EM (expectation-maximization) algorithm [24, 53], which minimizes the overall likelihood
L of the model (see Algorithm 8). We use a C version of a classic Matlab implementation3 .
In order to understand the computations performed in the expectation step we have to take into
account the following considerations:
Q
The likelihood of the model is L0 = N
i=1 p(xi ).
P
The log-likelihood of the model is L = log(L0 ) = N
i=1 log(p(xi )).
PK
p(xi ) can be computed with the Total Probability formula: p(xi ) =
j=1 p(xi |j)p(j), where
p(xi |j) is the probability of vector xi given a Gaussian distribution j
p(xi |j) =

1

1

(2π)m/2 det(Σj )1/2

−1

e− 2 (xi −µj )Σj

(xi −µj )

,

Since the product of small quantities may lead to overflows, it is preferable to use logarithms
when working with probabilities. If we define αij = log(p(xi |j)) + log(p(j)), then
3

Mo Chen, EM algorithm for Gaussian mixture model, Matlab Central (as of Oct. 25, 2012, 15:00 GMT). http:
//www.mathworks.com/matlabcentral/fileexchange/26184-em-algorithm-for-gaussian-mixture-model
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Algorithm 5: Sampling of patches

1

Input
: u (gray scale or color image, of size w × h), C (set of centers of patches)
Input
: (Optional) G (discrete gradient field, raw or smooth, computed with Eq. (1), (2), (3) or (4))
Parameters:
• patch size (κ, consider square patches)
• color flag: if set (and the image has 3 channels), then compute patches for each one of the channels, else
compute patches only for the intensity component
• normalization options:
– orientation normalization: nOrientation flag
– average value normalization:nMean flag
– variance normalization: nVariance flag
• interpolation options: nearest, bilinear, cubic B-spline
: a set of vectors of dimension d × κ × κ containing the sampled values of each patch (d = 1 if
input image is gray or color flag is set to false, else d = 3)
The square patches are converted to vector form by scanning them row by row, from left to right and from
top to bottom.
Output

2

3
4
5
6
7
8
9
10

begin
if u is gray (or color flag is false) then
u = {u} (or u = {average(R, G, B)}) (1 channel image)
else
u = {R, G, B} (3 channels image)
end
foreach discrete point (i, j) in C do
G(i,j)
if G(i, j) is known then define v = (vx , vy ) = ||G(i,j)||
// unitary vector

11
12

else consider v = (1, 0)

13
14

define w = (wx , wy ) = (−vy , vx ) // orthonormal vector to v

15
16

consider the set of sampling points
S = {(x, y) : (x, y) = (x0 , y0 ) + kv + lw, 0 ≤ k ≤ κ − 1, 0 ≤ l ≤ κ − 1}
where
(x0 , y0 ) = (i, j) −

κ−1
κ−1
v−
w
2
2

is the top left point of the sampling grid
17
18
19
20

21
22
23
24
25
26
27

if all the points (x, y) in S belong to the image domain (0 ≤ x ≤ w − 1, 0 ≤ y ≤ h − 1) then
foreach channel u of image u do
compute sampled values us (x, y) and store them in a vector structure
// Three interpolation methods can be used for computing us (x, y):
// Nearest neighbor:
// us (x, y) = u(i0 , j 0 ) such that i0 and j 0 are the closest integers to x and y,
respectively
// Bilinear:
// us (x, y) = uB (x, y), where uB is the bilinear interpolate of u [31]
// Cubic B-spline:
// us (x, y) = uC (x, y), where uC is the cubic B-spline interpolate of u [59, 5]
if any of the normalization flags nMean or nVariance is active then
normalize mean and variance of the stored values // see Algorithm 6
end
end
end
end
end
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Algorithm 6: Normalization of mean and variance of patches
Input
Output
1
2
3
4

5
6
7
8
9
10
11
12

: set of N patches: xi , (1 ≤ i ≤ N ) , nMean flag, nVariance flag
: set of N normalized values: yi , (1 ≤ i ≤ N )

begin
for i=1 to N do
µ=mean of xi
σ=standard deviation of xi
// If flags are active, then normalize patches to zero mean and unit
variance
if nMean flag active then
yi = xi − µ
end
if nVariance flag active and σ 6= 0 then
yi = (xi − µ)/σ
end
end
end

Algorithm 7: PCA
Input
Output

1
2

: a set of N vectors xi of dimension d: xi = (xi (1), · · · , xi (d))
: mean vector m (dimension d), set of variances λi (1 ≤ i ≤ d) associated to each
principal component (sorted in decreasing order), set of principal components vi
(1 ≤ i ≤ d) (dimension d, sorted in decreasing order of variance)

begin
compute mean (average) vector:
N
1 X
m=
xi
N
i=1

3

compute the empirical covariance matrix C = (ckl ), 1 ≤ k, l ≤ d:
N
1 X
ckl =
xi (k)xi (l) − m(k)m(l)
N
i=1

4

diagonalize C: get eigenvalues λi and associated eigenvectors vi (1 ≤ i ≤ d)

5
6

order eigenvalues and associated eigenvectors (decreasing value of eigenvalue)

7
8
9

normalize eigenvectors
end
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Algorithm 8: EM algorithm for Gaussian Mixture estimation
: a set of N vectors X = {xi } of dimension d: xi = (xi (1), · · · , xi (d)), 1 ≤ i ≤ N ;
number of d-dimensional Gaussians in the mixture K

Input
1

Parameters
• maximum number of iterations itmax (default: 500)
• tolerance factor T (default: 10−6 )
Output

: mean µj , covariance matrix Σj and probability pj of each Gaussian in the mixture
(1 ≤ j ≤ K); probability p(j|xi ) for each input vector xi of being drawn from
Gaussian j; label for each input vector l(xi ), indicating the index of the Gaussian
from which it has been drawn with the highest probability: l(xi ) = argmax p(j|xi );
j

final number of Gaussians in the mixture K
2

3

4

begin
// Initialize model:
begin
// Initialize mean vectors:
for j=1 to K do µj =random vector from X // check that all the µj are
different

5

6
7

// Initialize labels and probabilities
for i=1 to N do
l(xi ) = argmin ||xi − µj || // Gaussian with closest mean vector
j

8

for j=1 to K do p(j|xi ) = 0

9
10
11
12

13
14
15

16

17

18
19
20
21
22
23
24

25
26
27
28
29

p(l(xi )|xi ) = 1
end
end
// Iterate until convergence:
it = 1 // iterations counter
stop=false
repeat
// Maximization step: reestimate mean and covariances
Maximization() // see Algorithm 9
// Expectation step: reestimate probabilities and labels
// and compute log likelihood of the model
L=Expectation() // see Algorithm 10
// Reevaluate number of Gaussians
set K0 = K
for j=1 to K0 do
if j 6= l(xi ), ∀i ∈ {1, · · · , N } then
remove Gaussian component j
set K = K − 1
end
end
// Stop criteria
L−Lprev
stop = (it > 2 and
< T ) or it > itmax
|L|
it = it + 1
Lprev = L
until stop = true
end
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Algorithm 9: Maximization step of the EM algorithm
1
2
3

4

Maximization()
Parameter: ε = 10−6 (used for numerical stability)
begin
// update probability of each Gaussian:
N
1 X
for j=1 to K do pj =
p(j|xi )
N
i=1

5

6
7
8

9
10
11

// update mean of each Gaussian:
PN
i=1 p(j|xi )xi
for j=1 to K do µj = P
N
i=1 p(j|xi )
// update covariance matrix of each Gaussian:
for j=1 to K do
Σj = (cjkl ), 1 ≤ k, l ≤ d
PN
p(j|xi )xi (k)xi (l)
cjkl = i=1PN
− µj (k)µj (l)
i=1 p(j|xi )
// add a small regularizing term for numerical stability
for k=1 to d do cjkk = cjkk + ε
end
end

L=

N
X

K
X
log(
eαij ),

i=1

The term log(

PK

j=1

j=1

eαij ) is computed with the log-sum-exp formula to prevent underflows
K
K
X
X
max
log(
eαij ) = αimax + log(
e(αij −αi ) ),
j=1

j=1

where αimax = max αij .
j

On the other hand
1
d
1
log(2π) − log(det(Σj )).
log(p(xi |j)) = − (xi − µj )Σ−1
j (xi − µj ) −
2
2
2
The terms (xi − µj )Σ−1
j (xi − µj ) and log(det(Σj )) can be efficiently computed using a Cholesky
decomposition [16] of Σj , which is a symmetric and positive-definite matrix:
• Σj = L · LT , where L is an lower-triangular matrix.
T −1
−1
2
2
(xi − µj )Σ−1
j (xi − µj ) = (xi − µj )(L · L ) (xi − µj ) = ||L (xi − µj )|| = ||a|| ,

where a is the solution of the linear system La = (xi − µj ).
Q
P
• log(det(Σj )) = log(det(L · LT )) = log(det(L)2 ) = 2 log( dk=1 Lkk ) = 2 dk=1 log(Lkk )
It must be clarified that, in the EM algorithm described here, the Expectation step is only a fast
approximation, as each patch is assigned to “only” one Gaussian during this step, whereas the model
specifies that all patches are drawn from a mixture of Gaussian. This is a standard procedure, as
the exact E-step would be too costly. See for example the detailed explanation in [67].
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Algorithm 10: Expectation step of the EM algorithm
1

Expectation()
Output
: Log Likelihood of the model

2
3

4

5

begin
// compute log(p(xi |j))
for j=1 to K do
// Cholesky decomposition of Σj
L=lower triangular matrix such that Σj = L · LT

6
7

compute a, the solution of La = (xi − µj )

8
9
10

11
12

P
log(p(xi |j)) = − 21 ||a||2 − d2 log(2π) − dk=1 log(Lkk )
end
// compute log(p(xi )), use log-sum-exp formula
for i=1 to N do
for j=1 to K do αij = log(p(xi |j)) + log(p(j))

13
14
15
16
17

18

define αimax = max αij
j
max
αi

P
(αij −αmax
))
i
log(p(xi )) =
+ log( K
j=1 e
end
// compute log likelihood
P
L= N
i=1 log(p(xi ))

19

20
21
22
23
24
25

26

// update p(j|xi ), use Bayes formula in logarithmic form
for i=1 to N do
for j=1 to K do
log p(j|xi ) = log p(xi |j) + log p(j) − log p(xi )
p(j|xi ) = elog p(j|xi )
end
end
// update labels
for i=1 to N do l(xi ) = argmax p(j|xi ) // Gaussian with highest probability
j

27
28
29

return L
end
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