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Abstract

In this work, we study active learning techniques to highlight their strengths and limits in the
context of surrogate modeling. We implemented an iterative algorithm that uses active sampling
methods to approximate known functions. Through a series of experiments, we demonstrate
the effectiveness of active learning in improving surrogate models by wisely selecting informa-
tive data points. Furthermore, we examine cases where active learning may face challenges,
particularly when balancing exploration and exploitation. This study provides information on
the improvement of the efficiency and accuracy of surrogate models in practical applications.

Source Code

The reviewed source code and documentation for this algorithm are available from the web page
of the article1. Usage instructions are included in the README file of the archive.

Keywords: active sampling; bootstrap approach; regression

1 Introduction

In today’s scientific and engineering domains, a multitude of physical phenomena are being nu-
merically modeled at various scales, ranging from macroscopic to microscopic levels. For example,
phenomena such as material fatigue, where the structural integrity of components degrades over time
due to repeated loading, require simulations that cover a wide range of variables such as stress, strain,
and environmental conditions. The computational requirements of these simulations are amplified
by the sheer number of input parameters needed to accurately describe these complex problems.
As a result, conducting exhaustive simulations becomes both computationally expensive and time
consuming.

For these reasons, the development of surrogate models [2] can serve as efficient substitutes, partic-
ularly for modeling small-scale phenomena. Surrogate models offer a practical solution by capturing
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the essential features of the system while reducing the computational complexity associated with
detailed simulations. To address the computational challenges posed by these complex simulations,
the integration of active learning techniques in the development of surrogate models has emerged as
an interesting approach.

Active learning [13] enables the surrogate model to selectively acquire new data points, optimizing
the trade-off between computational resources and model accuracy. By actively querying the most
informative data points, the surrogate model can effectively reduce the number of required simulations
while maintaining a high level of accuracy. This iterative process of actively selecting informative
samples not only accelerates the construction of the surrogate model but also allows for adaptability
and refinement as additional simulations are performed. Therefore, the integration of active learning
methodologies into the development of surrogate models [10] holds great promise for improving
computational efficiency in the modeling of multiscale physical phenomena.

The work presented in this demonstrator aims to illustrate the strengths of active learning for
surrogate models by using it to approximate known analytical functions.

2 Method Description

As stated above, active learning can significantly reduce the number of training points needed by
selectively choosing the most informative ones. It also helps to concentrate on the regions of the
input space that are the most relevant for predicting continuous values, leading to faster and more
effective improvement in model performance. To do so, active sampling methods [6] can be used.
Active sampling methods can involve techniques in which training points are selected in an iterative
manner. By iteratively selecting points, the model can, for instance, focus on regions of the input
space where it has high variability in its predictions. This allows the model to adapt and refine its
predictions in these regions, leading to improved performance over time. The active method is based
on:

• a method to estimate the uncertainty of the model. By computing several variants of the
same model with slightly different training data, the bagging method provides an easy way to
estimate the sensitivity of the model with respect to the training data.

• a sampling method to select new data points to be integrated into the training dataset based
on the uncertainty of the model. Two variants are presented below.

2.1 General Structure of the Method

As briefly explained above, the algorithm is an iterative method, described in Figure 1.
The core of this algorithm is to select new points based on their standard deviation to improve

the accuracy of the model. By actively sampling around regions of high uncertainty indicated by the
standard deviation, the method aims to refine the model’s predictions and achieve better approxi-
mation of the target functions.

Step 1: Creation of the initial training database. First, an initial set of points is needed to
fit the first model. To do so, n initial training points are selected uniformly at random according
to the approximate limits of the function f . Once this initial set of points is defined, we evaluate
the function f for each point of this set and the initial training database is defined as a set of pairs
D0 = ((x1, f(x1)) . . . , (xninitial

, f(xninitial
)).
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Figure 1: General structure of the algorithm.

Step 2: Model fitting using bagging. Now that we have a training database, we can fit a model
using the bagging method on it to approximate the function f . The bagging method [3] is an ensemble
technique widely used in machine learning to improve the accuracy of predictive models. The term
“bagging”, which means bootstrap aggregation, comes from the combination of two fundamental
concepts: bootstrap resampling and aggregation. The bagging method uses bootstrap resampling
to generate multiple training datasets from a single dataset. Bootstrap resampling is a statistical
technique that involves creating random subsets with replacement from the original dataset. Thus,
each sample can contain repeated instances, and some instances may be absent. The number of
instances in each sample is equal to the size of the original dataset. Once the bootstrap datasets
have been generated, a regression model is trained on each bootstrap sample. Each model is trained
independently, encouraging diversity in predictions. The predictions of all models are then aggregated
to obtain a final prediction. In regression, the most common method of aggregation involves taking
the average of the predictions of all models.

Step 3: Choice of new points. Now that we have a model trained on the initial training database,
we want to improve the model by adding new points to the training database. To do so, we use active
sampling methods [13] based on the standard deviation of the prediction of the models from bagging.

If we denote the data set D composed of n pairs of observations (Xi, Yi)i∈[1,n], the variance of the

model f̂D with respect to D at a given location x can be written as [8]

ED[f̂D(x)
2 − ED[f̂D(x)]

2] ,

where ED denotes the expectation over the training dataset. In practice, a natural estimate of this
variance is given by

σ̂2(x) =
1

k

k∑
j=1

(
f̂j(x)

)2
−

(
1

k

k∑
j=1

f̂j(x)

)2

,

where the functions f̂j are k different estimates of the function f trained by the bagging method
discussed above. A larger standard deviation σ̂(x) indicates a higher level of uncertainty in the
approximation of f at point x, suggesting that it is appropriate to add (x, f(x)) to the dataset to
improve the model.

Two variants have been implemented to sample new points according to the standard deviation
defined above. Both variants depend on the bounds of the function, the number of new points to be
added to the dataset and the standard deviation σ̂ of the model as defined above.
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• The first variant is to look for maxima of σ̂ with a naive Monte-Carlo approach (called
query max rand in the code). A large number of random candidate points are sampled uni-
formly in the domain of definition of f . The variance of the model predictions σ̂ is then
evaluated at each candidate point. If m new points are required, then the m candidate points
with the highest value of σ̂ are selected.

• The second variant is to sample new points using σ̂ as a probability density function (called
query pdf rand in the code). Random candidate points (xi)i∈[1,N ] are sampled uniformly in
the domain of definition of the function f and the variance of the model predictions at each
point σ̂(xi) is evaluated. Then some of the candidate points are randomly selected among all
the candidates using the discrete probability density pi = (σ̂2(xi) + ε)/

∑
j(σ̂

2(xj) + ε) with
ε > 0 to ensure non-zero probabilities.

The latter method is expected to better cover the domain by selecting points not only where σ̂
is the highest, but also at other locations where σ̂ is moderately high.

Whatever variant is used to select points with high model uncertainty, only a fraction of the new
samples are generated this way. Other samples are selected uniformly in the definition domain of the
function. We call active ratio the fraction of points that are sampled using σ̂. The sensitivity of the
results with respect to the active ratio is discussed empirically below.

Once all the new points are selected, we evaluate the function f for each point in the set Dnew.
Then, we add these new data points to the training database. We repeat steps 2 and 3 until we reach
the stopping criterion. The method is described in Algorithm 1.

2.2 Stopping Criterion

Every iterative method requires a stopping criterion to determine when the method has converged or
reached a desired level of accuracy. The convergence of our method can be detected by a convergence
criterion on the models of the form [11]

∥f̃k − f̃k−1∥ < ϵ,

where k represents the current iteration and ∥.∥ a suitable norm.
However, our implementation relies only on a maximum number of samples n full data to stop

the iterations after a maximum number of iterations

itermax =

⌊
n full data− n initial

n new

⌋
where n initial is the number of points in the initial training database and n new is the number
of new points we want to add at each iteration. The same algorithm is repeated several times to
take into account the random sampling of new points, and it was more convenient to have the same
number of iterations for each repetition, which is why early-stopping methods have not been used.
In our demonstrator, suitable values of n full data and n initial have been preselected for each
function f to be approximated.

3 Demo Implementation and Illustrative Examples

We implemented the method described above. In our case, we want to approximate analytical
functions in R or R2 using active learning in the sampling process based on the standard deviation.
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Algorithm 1: Model fitting using active sampling

Input : function f to approximate, bounds of the function
Output : f̃ the approximation of the function f , database

1 iter = 1
2 D0 the initial set of points of the domain of definition of f
3 for v in D0 do
4 Evaluate function f to obtain the corresponding target value
5 Add (v, f(v)) to database

6 while iter < itermax do
7 Fit model on database using the bagging method
8 Generate n new points Dnew using an active sampling method based on standard

deviation
9 for v in Dnew do

10 Evaluate function f to obtain the corresponding target value
11 Add (v, f(v)) to database

12 iter = iter + 1

To that end, we use the BaggingRegressor [4] from the Python library scikit-learn2. This
regressor is based on the bagging method. In our tests, the seed is fixed so that the reproducibility
of the results is ensured. The BaggingRegressor allows the use of different types of base estimator
when it predicts a model on each subset. In the demo, four regressors from the scikit-learn

library can be selected: DecisionTreeRegressor [5], ExtraTreesRegressor [9], KernelRidge [12]
and svm.SVR [7]. The demo also allows the user to set the value of the active ratio. For this paper
values of 0.6 and 1 have been selected arbitrarily.

The iterative algorithm is repeated five times. Throughout the iterations, the relative L2 error
between the prediction of the model and the true values of the function is calculated on a test
database of 500 points as an approximation of

L2(f, f̃) =
∥f − f̃∥2
∥f∥2

where f is the exact (nonzero) function and f̃ is its approximation. Such a large test dataset might
not be feasible for real problems, but it is useful in our toy problem to analyze the convergence
of the training and compare the efficiency of the active sampling approach compared with random
sampling.

3.1 Computation Time and Convergence Analysis

In this section, we compare the performance of two different estimators, namely DecisionTreeRegressor
and KernelRidge, using the same input dataset.

In the following case, we try to approximate the himmelblau function [1] defined on R2 with values
in R, adding 10 new points at each iteration using the query max rand sampling function with an
active ratio of 0.6.

2https://scikit-learn.org/stable/
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Figure 2: L2 error comparison between active
(in blue) and passive (in green) approaches with
DecisionTreeRegressor

Figure 3: L2 error comparison between active (in blue)
and passive (in green) approaches with KernelRidge

The curves show the average relative error L2 as a function of the number of points in the training
dataset. The standard deviation of this error represents the variability across the five independent
repetitions of the training process.

For the same input dataset, we notice that the DecisionTreeRegressor estimator exhibits faster
computation times compared to the KernelRidge estimator (5 seconds for DecisionTreeRegressor
versus 46 seconds for KernelRidge). The KernelRidge estimator demonstrates higher accuracy,
with a mean final relative L2 error of 0.023, while it is 0.175 for DecisionTreeRegressor. These
trends are expected given the underlying algorithms and computational complexity of these models.

The results clearly demonstrate that active sampling outperforms random sampling in the major-
ity of cases. In particular, the convergence of the L2 error is faster in the active sampling approach,
represented by the blue curve, compared to passive random sampling, illustrated by the green curve,
as shown in Figures 2 and 3.

The accelerated convergence in active sampling is due to its selection of informative data points,
which guide the model towards areas of higher uncertainty, leading to quicker learning and model
refinement. In addition, active sampling yields higher accuracy, as illustrated by the smaller final
L2 error, focusing on regions of the input space that significantly influence the model’s predictions.
These results highlight the advantages of active sampling in improving the efficiency and accuracy
of function approximation tasks.

3.2 Interaction Between Exploration and Exploitation of the Input Space

Contrary to initial expectations, it has been observed that active sampling may not significantly
outperform random sampling and may even be less effective than random sampling, as illustrated in
Figures 4 and 5. These results were obtained by approximating a one-dimensional function f : x 7→
x5 sin(10πx), adding 10 new points at each iteration using the query max rand sampling function
with an active ratio of 1.0.
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Figure 4: L2 error comparison between active
(in blue) and passive (in green) approaches with
ExtraTreesRegressor

Figure 5: L2 error comparison between active
(in blue) and passive (in green) approaches with
DecisionTreeRegressor

This phenomenon is caused by the fact that the sampling process focuses mainly on specific regions
of the domain, leading to regions without training samples. The procedure may become stuck when
the model struggles to converge to the correct value. This situation often arises when the estimator
exhibits bias, leading to deviations from the true function. The presence of bias in the estimator can
jeopardize the model’s ability to effectively adapt and refine its predictions, hindering the convergence
process, and potentially limiting the overall performance of the active learning approach.

This highlights the significance of the active sampling ratio, which in this case is set to 1. To
foster effective model refinement, it is crucial to target regions with large uncertainties, indicated
by the high standard deviation. However, it is equally important to consider domain exploration to
ensure a complete understanding of the underlying data distribution.

To gain a better understanding of this phenomenon, it is interesting to visualize both the true
and predicted functions, along with the final distribution resulting from the active sampling process.
In the following example, we again try to approximate f(x) = x5 sin(10πx) adding 5 new points
at each iteration using the query max rand sampling function and the svm.SVR() base estimator.
By comparing simulations that differ only in the active sampling ratio, we can effectively assess the
impact of targeting specific regions of interest.

The visual representation of the true and predicted functions (Figures 6 and 7) provides a com-
prehensive assessment of the accuracy of the model and its ability to approximate the true function.
At the same time, visualizing the distribution resulting from the active sampling process (Figures 8
and 9) allows us to observe how the sampling strategy targets regions with high uncertainty and how
it influences the model’s learning dynamics.

For the case where the active ratio is set to 1, Figure 6 reveals that the approximation of the
function at the center of the domain is poor, showing a noticeable bump. The corresponding distri-
bution shown in Figure 8 illustrates that no points were drawn in the corresponding region, resulting
in the absence of training points.

In contrast, for an active ratio of 0.6, Figure 7 shows a highly accurate approximation of the true
function. In the distribution depicted in Figure 9, we observe that the entire domain is covered by the
final training database, with a higher concentration of points in regions with significant variations.

This underscores the essential role of exploration in the active sampling process. The absence
of exploration, as evidenced by the lack of points in certain regions for an active ratio of 1, can
compromise the model’s ability to effectively approximate the true function. This illustrates the
importance of finding a balance between exploration and exploitation when optimizing the active
sampling procedure.
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Figure 6: True and predicted functions with ratio = 1.0 Figure 7: True and predicted functions with ratio = 0.6

Figure 8: Distribution of the active sampling process with
active ratio = 1.0

Figure 9: Distribution of the active sampling process with
active ratio = 0.6

4 Conclusion

In conclusion, the active learning approach we study is a versatile plug-in method that can be inte-
grated with any estimator. Its effectiveness lies in its ability to intelligently select data points from
regions of high uncertainty, which, in certain cases, accelerates model refinement. Using informative
data points, the active learning approach optimizes the learning process and enhances the accuracy
of the model. This versatility and efficiency make it a valuable tool for function approximation tasks,
where selecting the right training data can significantly impact the quality of the final model. How-
ever, we have observed cases where active sampling may not be as efficient, highlighting the critical
importance of achieving a balance between exploration and exploitation, especially in scenarios with
a high active sampling ratio.

Moving forward, exploring the application of this method to higher-dimensional cases beyond
one or two input variables is an interesting direction for future work. In addition, we envision
the application of this approach to real-world simulations, particularly in cable fatigue analysis,
providing valuable insights into fatigue phenomena and improving predictive capabilities in practical
engineering applications.
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