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Abstract

Robust to intensity inhomogeneity, the local Chan–Vese (LCV) model extends the classical
Chan–Vese (CV) image segmentation method by incorporating local statistical information
around each pixel. Originally, the LCV model was solved using a finite difference scheme,
following the approach used for the CV model. As an alternative to the finite difference scheme, a
more efficient algorithm based on the Merriman-Bence-Osher (MBO) scheme was later developed
for the CV model. In this paper, we derive a similar MBO-based algorithm to solve the LCV
model and propose an efficient implementation. The algorithm is developed for both two-
phase and multiphase segmentation, and an extension to color images is also discussed. To
demonstrate the effectiveness of the proposed approach, we apply it to a variety of grayscale
and color images, including medical and microscopy images.

Source Code

The reviewed source code and documentation for this algorithm are available from the web page
of this article1. Usage instructions are included in the README file of the archive.

Keywords: Chan–Vese segmentation; MBO scheme; intensity inhomogeneity; level sets; energy
minimization; Mumford–Shah model

1 Introduction

Over the past few decades, many algorithms for image segmentation based on variational methods
and partial differential equations (PDEs) have been developed. One class of models, including
snakes/active contours models, relies on edge-detection functions and evolves the curves toward sharp
image gradients [9, 14, 19]. However, this class is generally sensitive to noise. For a demonstration
of the active contour model, see [28]. Another class consists of region-based models, which are
more robust to noise as they incorporate both region and boundary information. Mumford and
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Shah [25] developed one of the most fundamental region-based models, which approximates images
by piecewise-smooth functions. However, the Mumford–Shah model is difficult to solve because it is
nonconvex and the set of unknown edges needs to be discretized.

As a simplification of the Mumford–Shah model, the Chan–Vese model [13] performs two-phase
segmentation, in which an image is partitioned into only two regions. It was originally solved using
a level-set method [26] via an alternating scheme: at each iteration, an Euler–Lagrange equation is
first solved using finite differences, and afterward, the constant values for each region are updated by
averaging the pixel intensities over the corresponding regions. A detailed explanation and demon-
stration of the algorithm are presented in [17]. Many other algorithms were later developed to solve
the Chan–Vese model. Esedoglu and Tsai [16] proposed an algorithm based on the Merriman–Bence–
Osher (MBO) scheme, a PDE-based method for evolving interfaces by mean curvature [23]. Chan et
al. [11] and Brown et al. [5] proposed convex relaxations of the Chan–Vese model, which allow the
use of popular convex optimization methods such as ADMM [4] and the primal–dual hybrid gradient
method [10].

Many variants of the Chan–Vese model have been designed to address different types of images.
Vese and Chan [30] developed a multiphase extension to segment images into M = 2m regions for
some positive integer m. Moreover, Chan et al. [12] extended the Chan–Vese model to vector-valued
images, including RGB images. Li et al. [21] incorporated fuzzy c-means clustering [3] to perform
multiphase segmentation with an arbitrary number of regions.

Although the Chan–Vese model is robust to noise and blur in images [13], it is sensitive to intensity
inhomogeneity. Zosso et al. [34] assumed that images with intensity inhomogeneity contain additive
illumination bias and modified the Chan–Vese model into a constrained optimization problem. Wang
et al. [33] developed the local Chan–Vese model by adding a local term to the Chan–Vese energy
that incorporates statistical information from a neighborhood around each pixel. Their idea is
motivated by the observation that pixel intensities within a small neighborhood tend to be more
homogeneous than those over the entire image. The simplicity of the local Chan–Vese model has
inspired numerous extensions and numerical algorithms [1, 15, 31]. Most of these methods rely on
finite difference schemes. Bui et al. [6] designed an alternative MBO-based algorithm to solve the
multiphase local Chan–Vese model.

The local Chan–Vese model was originally solved using level-set methods [33]. However, this
approach presents several limitations. First, the resulting gradient descent PDE contains degener-
ate elliptic terms, making it computationally expensive to solve [16]. Second, while the theoretical
formulation involves the Heaviside function, numerical implementations rely on a regularized ap-
proximation, making it difficult for the algorithm to provide fast segmentation when the topology
changes [34].

To address the issues of the level-set method, we present in this paper an alternative and efficient
algorithm for the local Chan–Vese model based on the MBO scheme. This approach was introduced
in [6], where a framework for analyzing scanning tunneling microscopy (STM) images obtained at the
California NanoSystems Institute was developed. STM images exhibit varying textures and apparent
heights because of the molecular structure and chemical properties of self-assembled monolayers
(SAMs). Segmenting these images according to apparent height and texture facilitates the analysis
of SAMs and related surfaces. The framework proposed in [6] consists of three main steps: (i)
a cartoon–texture decomposition of the STM image, (ii) segmentation of the cartoon component
into regions of homogeneous intensity, and (iii) segmentation of the texture component to separate
distinct texture patterns. In this work, we detail the algorithmic implementation of the local Chan–
Vese model used in step (ii).

The paper is organized as follows. Section 2 provides preliminary mathematical background
on the Mumford–Shah and Chan–Vese models. Section 3 reviews the local Chan–Vese model and
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introduces a Ginzburg–Landau approximation to which the MBO scheme can be directly applied.
Section 4 generalizes the local Chan-Vese model to multiphase segmentation, while Section 5 presents
the vector-valued extension. Section 6 presents experimental results on various grayscale and color
images. Lastly, Section 7 concludes the paper.

2 Background: Mumford–Shah and Chan–Vese Models

Let f : Ω → R be a given image defined on a domain Ω ⊂ R2, which we assume to be an open
rectangle. The goal of image segmentation is to decompose the domain Ω into several mutually
disjoint regions {Ωi}Mi=1 such that Ω =

⋃M
i=1 Ωi and Ωj∩Ωk = ∅ for all j ̸= k. The image f is assumed

to be piecewise smooth: it varies smoothly within each region Ωi, i = 1, . . . ,M , and exhibits strong
discontinuities along the boundaries separating neighboring regions. We denote by Γ =

⋃M
i=1 ∂Ωi the

union of all region boundaries in Ω.
The classical Mumford–Shah (MS) segmentation model [25] is formulated as the minimization

of a functional consisting of three terms: an L2 fidelity term, an H1 regularization term enforcing
smoothness within each region, and a contour-length regularization term. More precisely, the MS
model reads

min
u,Γ

λ

∫
Ω

(u(x)− f(x))2 dx+

∫
Ω\Γ

|∇u(x)|2 dx+ ν|Γ|, (MS)

where u : Ω → R is a piecewise-smooth approximation of the image f , |Γ| denotes the total length
of the set of discontinuities, and λ, ν > 0 are weight parameters for the fidelity and perimeter terms,
respectively.

To simplify the model, the function u may be restricted to be piecewise constant, namely

u(x) =
M∑
i=1

ciχΩi
(x),

where ci ∈ R denotes the constant intensity value of region Ωi for each i = 1, . . . ,M and the
characteristic function χA for a set A is given by

χA(x) =

{
1, x ∈ A,

0, x /∈ A.

In this setting, the smoothing term over Ω\Γ vanishes, and the regularization reduces to a perimeter
penalization. Without loss of generality, the weight parameter ν can be fixed to ν = 1.

In the particular case M = 2, this formulation leads to the Chan–Vese (CV) model [13]

min
c1,c2,Γ

λ

∫
Ω1

(f(x)− c1)
2 dx+ λ

∫
Ω2

(f(x)− c2)
2 dx+ |Γ|. (1)

This minimization problem can be reformulated using the level-set method. Let ϕ : Ω → R be a
Lipschitz continuous level-set function such that

Γ = {x ∈ Ω : ϕ(x) = 0}, Ω1 = {x ∈ Ω : ϕ(x) > 0}, Ω2 = {x ∈ Ω : ϕ(x) < 0}.

Let H : R → {0, 1} denote the Heaviside function, i.e., H = χ[0,∞). Then

H(ϕ(x)) = 1 for x ∈ Ω1, H(ϕ(x)) = 0 for x ∈ Ω2.
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Introducing the functionals

Efid(χ, c; f) :=
∫
Ω

(f(x)− c1)
2χ(x) + (f(x)− c2)

2(1− χ(x)) dx,

Eper(χ) :=
∫
Ω

|∇χ(x)| dx,

where χ ∈ BV (Ω) and c = (c1, c2) ∈ R2, the level-set formulation of (1) can be written as

min
ϕ,c

λ Efid(H(ϕ), c; f) + Eper(H(ϕ)). (CV)

3 Local Chan–Vese Model and the MBO Scheme

Real images often exhibit illumination bias, typically manifested as smooth, artificial intensity vari-
ations across the spatial domain. Since the CV model assumes piecewise-constant intensity values
within each region, it may perform poorly in the presence of such inhomogeneities because the in-
tensity distributions of neighboring regions can overlap, leading to blurred interfaces and inaccurate
segmentations.

To enhance robustness with respect to illumination bias, Wang et al. [33] proposed augmenting the
CV model with a local fitting term based on linear, high-pass filtering. Let gk denote a smoothing
kernel (e.g., a mean or Gaussian kernel) with a (k × k) window. The convolution gk ∗ f acts as
a low-pass filter, preserving large-scale intensity variations while attenuating fine-scale structures.
Consequently, the difference f − gk ∗ f emphasizes edges and local contrast, thereby reducing the
influence of slowly varying intensity distortions. Accordingly, the local energy term is defined as

Eloc(χ,d; f) = Efid(χ,d; gk ∗ f − f), (2)

where d = (d1, d2) ∈ R2 denotes region-wise constants2.

The local Chan–Vese (LCV) model [33] is then formulated as

min
ϕ,c,d

λ Efid(H(ϕ), c; f) + β Eloc(H(ϕ),d; f) + Eper(H(ϕ)), (LCV)

where β ≥ 0 controls the relative influence of the local term. When β = 0, the model reduces to the
classical CV formulation.

Remark 1 (Interpretation as a vector-valued CV model). The LCV functional (LCV) can be in-
terpreted as a particular instance of the vector-valued CV model [12] applied to a two-channel image

whose two channels are the original image f and the weighted image difference

√
β

λ
(gk ∗ f − f).

Hence, the fidelity and local fitting terms correspond to the contributions of the two channels in the
vector-valued CV model. This viewpoint emphasizes that the local term does not introduce a fun-
damentally new variational structure but rather enriches the data representation by combining the
original image with its linearly filtered version. Since gk ∗ f − f corresponds to a frequency-weighted
transformation of f , the LCV model can be viewed as exploiting complementary spectral information,
which improves the discrimination between regions. The general vector-valued formulation and its
numerical treatment are discussed in Section 5.

2We use gk ∗ f − f instead of f − gk ∗ f to remain consistent with the notation in [33]. This sign convention does
not affect the removal of illumination bias or the localization of region boundaries.
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3.1 Ginzburg–Landau Approximation

Esedoglu and Tsai [16] proposed an efficient method to minimize the two-phase energy functional (CV).
Their algorithm is based on the MBO scheme [23], a threshold dynamics method for evolving inter-
faces by mean curvature. The main idea is to use a smooth approximation of the Heaviside function
H and to replace the contour-length term Eper(H(ϕ)) in (CV) by a Ginzburg–Landau functional

Eε
GL(ϕ) =

∫
Ω

(
ε

2
|∇ϕ(x)|2 + 2

ε
W (ϕ(x))

)
dx, (3)

where W (s) = s2(1− s)2 is a double-well potential. It was shown by Modica [24] that the Ginzburg–
Landau functional Eε

GL Γ-converges to the perimeter functional Eper(H(ϕ)) as ε → 0+.
Parametrizing the descent direction with an artificial time variable t > 0, the Euler–Lagrange

equation associated with (3) yields the Allen–Cahn equation (also known as the phase-field equation)

∂tϕ(x, t) = ε∆ϕ(x, t)− 2

ε
W ′(ϕ(x, t)), (4)

with initial data ϕ(x, 0) corresponding to the initial placement of the contour. To solve (4), the
MBO scheme can be applied by first solving a linear heat equation and then applying thresholding.
Thresholding is justified by the fact that the nonlinear ordinary differential equation

∂tϕ(x, t) = −2

ε
W ′(ϕ(x, t)) (5)

admits two stable stationary solutions at ϕ̄ ≡ 0 and ϕ̄ ≡ 1 and an unstable stationary solution at
ϕ̃ ≡ 1

2
. The key observation underlying the MBO scheme is that, as ε → 0, for any fixed time

t > 0, the solution ϕ converges to one of the two stable equilibrium values, depending on the basin
of attraction in which it is initialized.

To use the MBO scheme to solve the LCV minimization problem (LCV), we consider the following
diffuse-interface approximation

min
u,c,d

λEfid(u, c) + βEloc(u,d) + Eε
GL(u). (eLCV)

At the diffuse-interface level, we replace the level-set function ϕ by a phase-field variable u : Ω → [0, 1].
The function u provides a smooth approximation of the characteristic function of one phase, taking
values close to 1 inside the region and close to 0 outside. In this formulation, the sharp interface
represented by the zero level set of ϕ is replaced by a smooth interface governed by the Ginzburg–
Landau energy [24, Theorem 1]. Accordingly, the Heaviside function H(ϕ) appearing in the original
LCV model is approximated directly by the phase-field variable u.

To solve (eLCV), we adopt an alternating minimization strategy. We introduce an additional
variable t ≥ 0, interpreted as an artificial time parameter used to describe the gradient-flow dynamics
associated with the diffuse energy; steady states of this evolution correspond to critical points of the
diffuse-interface functional. The initialization of u will be discussed later.

• Keeping u fixed and minimizing with respect to c and d yields

c1 = A[u; f ], c2 = A[1− u; f ], (6)

d1 = A[u; gk ∗ f − f ], d2 = A[1− u; gk ∗ f − f ], (7)

where the averaging operator is given by

A[u; f ](t) :=

∫
Ω

u(x, t)f(x) dx∫
Ω

u(x, t) dx
.
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• Keeping c and d fixed and applying calculus of variations yields the following Euler–Lagrange
equation satisfied by u in Ω

∂tu = ε∆u− 2

ε
W ′(u)− λL[c; f ]− βL[d; gk ∗ f − f ], (EL)

where the spatial operator L is defined by

L[c; f ](x) := (f(x)− c1)
2 − (f(x)− c2)

2.

3.2 The MBO Scheme for the LCV Model

We propose an MBO-type scheme to solve the Euler–Lagrange equation (EL), which computes
approximations of u at discrete time instances. The spatial discretization is then chosen as a discrete
analogue of the corresponding continuous formulation.

3.2.1 Temporal Discretization

We numerically solve the Euler–Lagrange equation using an operator-splitting approach that decom-
poses the evolution into three simpler substeps. At each iteration, we first solve a linear ordinary
differential equation (ODE) using a finite difference scheme, then solve a heat equation under peri-
odic boundary conditions, and finally handle the nonlinear ODE induced by the double-well potential
through a thresholding operation.

Let dt > 0 be a fixed time step. Starting from an initial datum u0, we iteratively construct a
sequence of time-discrete, space-continuous functions {wn, vn, un}n≥1 as follows.

• Step 1 (ODE). Let wn+1 be the discrete solution obtained from un by applying a forward
finite difference scheme to the linear ODE component of (EL)

wn+1 − un

dt
= −λL[c; f ]− βL[d; gk ∗ f − f ]. (8)

• Step 2 (Diffusion). Let vn+1 be the solution of the heat equation with periodic boundary
conditions and initial data wn+1. The solution at time dt admits the closed-form representation

vn+1 = F−1

{
1

1 + dt|ξ|2
F(wn+1)(ξ)

}
, (9)

where F and F−1 denote the two-dimensional Fourier transform and its inverse.

• Step 3 (Thresholding). Finally, un+1 is obtained by solving the nonlinear ODE associated
with the double-well potential via a thresholding operation

un+1 =

{
0, if vn+1 ≤ 1

2
,

1, if vn+1 > 1
2
.

(10)

Altogether, this procedure yields an iterative algorithm for solving (LCV). At each iteration, the
auxiliary variables c and d are updated according to (6) and (7), after which the Euler–Lagrange
equation is advanced using Steps 1-3, given by (8)–(10).

For initialization, an effective choice is the characteristic function

u0(x) = χ{sin(πx1
5 ) sin(πx2

5 )>0}(x),

corresponding to a separable oscillatory pattern, as suggested in [17].
The overall algorithm for minimizing (LCV) is summarized in Algorithm 1.
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Algorithm 1: MBO algorithm for two-phase LCV segmentation

Input: Image f ; model parameters λ, β; time-step parameter dt; tolerance tol.
Initialize:

u0 = χ{sin(πx1
5 ) sin(πx2

5 )>0}.

for n = 1 to N do

Update cn+1 := (cn+1
1 , cn+1

2 ) and dn+1 := (dn+1
1 , dn+1

2 ) by

cn+1
1 = A[un; f ], cn+1

2 = A[1− un; f ],

dn+1
1 = A[un; gk ∗ f − f ], dn+1

2 = A[1− un; gk ∗ f − f ].

Compute un+1:

wn+1 = un − dt
(
λL[cn+1; f ] + βL[dn+1; gk ∗ f − f ]

)
,

vn+1 = F−1

{
1

1 + dt|ξ|2
F(wn+1)(ξ)

}
,

un+1 =

{
0, if vn+1 ≤ 1

2
,

1, if vn+1 > 1
2
.

if ∥un+1 − un∥2 < tol then
break

end

end
Output: segmented image un+1.

3.2.2 Spatial Discretization

Although Algorithm 1 is formulated in a time-discrete, space-continuous setting, its numerical imple-
mentation relies on a spectral discretization in space. All spatially dependent quantities are sampled
on a uniform Cartesian grid, and spatial derivatives are computed in the Fourier domain. Below, we
describe which parts of the algorithm are spatially discretized:

• The diffusion step in Step 2, provided by (9), is implemented by applying the discrete Fourier
transform to wn+1, multiplying each Fourier mode by the transfer function (1 + dt|ξ|2)−1, and
transforming it back to physical space. This corresponds to a spectral discretization of the
Laplacian operator with periodic boundary conditions. In contrast to classical finite-difference
discretizations of the Laplacian, which lead to cosine-based symbols of the form 2(cos(hξ) −
1)/h2, the present approach preserves the continuous Laplacian spectrum up to the Nyquist
frequency. As a result, the scheme benefits from high accuracy for smooth solutions and avoids
grid-induced anisotropy.

• The ODE and thresholding steps are evaluated pointwise in physical space on the same grid,
yielding a fully discrete algorithm consistent with the underlying space-continuous formulation.

• The updates of the auxiliary variables c and d involve spatial integrals over the image domain.
In practice, these integrals are approximated by finite sums over the grid. For a uniform grid
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with spacing h > 0, the functional A[u; f ] is approximated by

Ah[u; f ] :=

∑
i,j

ui,jfi,j∑
i,j

ui,j

,

where (i, j) indexes a grid point and ui,j, fi,j are the sampled values of u, f on the grid points,
respectively.

Remark 2. The numerical strategy adopted in this work follows a “minimize, then discretize” ap-
proach. Starting from the continuous formulation of the energy functional, we first derive the as-
sociated Euler–Lagrange gradient-flow equation. This evolution equation is then discretized in time
and space using a spectral method combined with a thresholding step. Owing to the linearity of the
diffusion operator and the use of the Fourier transform, the resulting scheme admits an explicit so-
lution with a fast FFT-based solver and good control over stability properties. The motivation for
this strategy is to achieve accurate segmentation results with precise boundary localization. Since dis-
cretization is performed at the PDE level, the scheme remains variationally consistent: as the time
step dt is refined and the number of iterations increases, the discrete evolution approximates the con-
tinuous minimizer. As shown in Section 6, the numerical evolution is smooth, the results are stable,
and the energy decreases monotonically. By contrast, the “discretize, then minimize” approach first
discretizes the energy functional and then applies numerical optimization methods such as gradient
descent. While this strategy often yields fast convergence, it may suffer from grid-dependent effects
and reduced consistency with respect to the underlying continuous model, particularly when accurate
geometric localization of interfaces is required.

4 Multiphase Segmentation

The LCV model and its numerical scheme can be naturally extended to the multiphase case. In this
setting, the image domain Ω is assumed to be partitioned into a collection of M mutually disjoint
regions {Ωi}Mi=1, where M = 2m for some positive integer m. Each region Ωi is determined by a
vector-valued level-set function Φ = (ϕ1, . . . , ϕm).

Each index i ∈ {1, . . . , 2m} can be written in binary form as i =
m∑
j=1

aj2
j−1+1, where aj ∈ {0, 1}.

Accordingly, for each j = 1, . . . ,m, we define

Ωj,aj =

{
{x ∈ Ω : ϕj(x) > 0}, aj = 0,

{x ∈ Ω : ϕj(x) < 0}, aj = 1.

Each region Ωi is then given by Ωi =
m⋂
j=1

Ωj,aj .

For example, when M = 4 (m = 2), the four regions are

Ω1 = {x ∈ Ω : ϕ1(x) > 0, ϕ2(x) > 0},Ω2 = {x ∈ Ω : ϕ1(x) < 0, ϕ2(x) > 0},
Ω3 = {x ∈ Ω : ϕ1(x) > 0, ϕ2(x) < 0},Ω4 = {x ∈ Ω : ϕ1(x) < 0, ϕ2(x) < 0}.

Let H : Rm → Rm be the vector-valued Heaviside function given by

H(Φ) = (H(ϕ1), . . . , H(ϕm)).

8
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We denote by χi the characteristic function of Ωi for i = 1, . . . ,M . For c = (c1, . . . , cM) ∈ RM and
d = (d1, . . . , dM) ∈ RM , the multiphase local Chan–Vese energy functional is defined as

min
Φ,c,d

λEM
fid(H(Φ), c; f) + βEM

loc(H(Φ),d; f) + Em
per(H(Φ)), (M-LCV)

where

EM
fid(H(Φ), c; f) =

M∑
i=1

∫
Ω

(f(x)− ci)
2χi(x) dx,

EM
loc(H(Φ),d; f) = EM

fid(H(Φ),d; gk ∗ f − f),

Em
per(H(Φ)) =

m∑
j=1

∫
Ω

|∇H(ϕj(x))| dx.

Remark 3. The characteristic functions χi can be explicitly written in terms of H(Φ). For instance,
when M = 2 (m = 1), we recover the two-phase LCV model with

χ1 = H(ϕ1), χ2 = 1−H(ϕ1).

For M = 4 (m = 2), the four-phase case is given by

χ1 = H(ϕ1)H(ϕ2), χ2 = (1−H(ϕ1))H(ϕ2),

χ3 = H(ϕ1)(1−H(ϕ2)), χ4 = (1−H(ϕ1))(1−H(ϕ2)).

For completeness, we also give the explicit expressions for the characteristic functions in the eight-
phase case (M = 8, m = 3)

χ1 = H(ϕ1)H(ϕ2)H(ϕ3), χ2 = (1−H(ϕ1))H(ϕ2)H(ϕ3),

χ3 = H(ϕ1)(1−H(ϕ2))H(ϕ3), χ4 = (1−H(ϕ1))(1−H(ϕ2))H(ϕ3),

χ5 = H(ϕ1)H(ϕ2)(1−H(ϕ3)), χ6 = (1−H(ϕ1))H(ϕ2)(1−H(ϕ3)),

χ7 = H(ϕ1)(1−H(ϕ2))(1−H(ϕ3)), χ8 = (1−H(ϕ1))(1−H(ϕ2))(1−H(ϕ3)).

4.1 Ginzburg–Landau Approximation for Multiphase LCV

To apply the MBO scheme to the multiphase LCV model, we introduce a diffuse-interface approx-
imation based on the Ginzburg–Landau functional. As in the two-phase setting, the perimeter
regularization is replaced by a phase-field formulation that allows interfaces to be represented im-
plicitly through smooth variables. This approximation leads to a phase-field representation in which
each level-set component is associated with its own Ginzburg–Landau energy, while coupling between
phases is retained through the fidelity and local data terms. This formulation provides a natural
framework for extending the MBO splitting strategy to multiphase segmentation.

Let u = (u1, . . . , um) : Ω → [0, 1]m. The multiphase LCV model can be approximated by the
following Ginzburg–Landau energy

min
u,c,d

λEM
fid(u, c; f) + βEM

loc(u,d; f) + Em,ε
GL (u), (eM-LCV)

where the perimeter term is approximated by

Em,ε
GL (u) =

m∑
i=1

∫
Ω

ε

2
|∇ui(x)|2 +

2

ε
W (ui(x)) dx. (11)

9
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4.2 The MBO Scheme for Multiphase LCV

The application of the MBO scheme to (eM-LCV) follows naturally from the two-phase formulation.
Because of the additive structure of the Ginzburg–Landau approximation, the Euler–Lagrange equa-
tions associated with Em,ε

GL yield a system of m evolution equations, one for each phase-field variable
ui, which are coupled through the fidelity and local data terms. As before, the artificial time variable
t > 0 is introduced solely to derive the Euler–Lagrange gradient-flow equation associated with the
diffuse energy.

For clarity, we detail the derivation in the four-phase case (m = 2). To simplify notation, we
introduce the averaging operator

A[u1, u2; f ](t) :=

∫
Ω

f(x)u1(x, t)u2(x, t) dx∫
Ω

u1(x, t)u2(x, t) dx
,

and the spatial operator

L(c, u; f)(x, t) := (f(x)− c1)
2u(x, t)− (f(x)− c2)

2u(x, t)+

(f(x)− c3)
2(1− u(x, t))− (f(x)− c4)

2(1− u(x, t)).

The updates for the region averages c = (c1, . . . , c4) and d = (d1, . . . , d4) are then given by

c1 = A[u1, u2; f ], d1 = A[u1, u2; gk ∗ f − f ],

c2 = A[1− u1, u2; f ], d2 = A[1− u1, u2; gk ∗ f − f ],

c3 = A[u1, 1− u2; f ], d3 = A[u1, 1− u2; gk ∗ f − f ],

c4 = A[1− u1, 1− u2; f ], d4 = A[1− u1, 1− u2; gk ∗ f − f ].

By calculus of variations, the Euler–Lagrange equations for u1 and u2 are given by

∂tu1 = ε∆u1 −
2

ε
W ′(u1)− λL(c, u2; f)− βL(d, u2; gk ∗ f − f), (12)

∂tu2 = ε∆u2 −
2

ε
W ′(u2)− λL(c̄, u1; f)− βL(d̄, u1; gk ∗ f − f), (13)

where c̄ = (c1, c3, c2, c4) and d̄ = (d1, d3, d2, d4).

Each equation is solved using the same MBO splitting strategy as in the two-phase case, consisting
of a linear ODE step, a diffusion step, and a thresholding operation. For initialization, we take

u1
1(x, 0) = χ{sin(πx1

3
) sin(

πx2
3

)>0}(x),

u1
2(x, 0) = χ{sin(πx1

10
) sin(

πx2
10

)>0}(x),

as suggested in [6].

The algorithm to solve the four-phase LCV model is summarized in Algorithm 2.

Remark 4. The MBO scheme extends naturally to the general M-phase LCV model. Following the
four-phase derivation, the operators L and A are generalized by considering all product combinations∏m

i=1 vi, where vi ∈ {ui, 1− ui} for each i = 1, . . . ,m.

10
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Algorithm 2: MBO algorithm for four-phase LCV segmentation

Input: Image f ; model parameters λ, β; time-step parameter dt; tolerance tol.

Initialize u0 := (u0
1, u

0
2):

u0
1 = χ{sin(πx1

3
) sin(

πx2
3

)>0},

u0
2 = χ{sin(πx1

10
) sin(

πx2
10

)>0}.

for n = 1 to N do

Update cn+1 := (cn+1
1 , cn+1

2 , cn+1
3 , cn+1

4 ) and c̄n+1 := (cn+1
1 , cn+1

3 , cn+1
2 , cn+1

4 ):

cn+1
1 = A[un

1 , u
n
2 ; f ],

cn+1
2 = A[1− un

1 , u
n
2 ; f ],

cn+1
3 = A[un

1 , 1− un
2 ; f ],

cn+1
4 = A[1− un

1 , 1− un
2 ; f ].

Update dn+1 := (dn+1
1 , dn+1

2 , dn+1
3 , dn+1

4 ) and d̄n+1 := (dn+1
1 , dn+1

3 , dn+1
2 , dn+1

4 ):

dn+1
1 = A[un

1 , u
n
2 ; gk ∗ f − f ],

dn+1
2 = A[1− un

1 , u
n
2 ; gk ∗ f − f ],

dn+1
3 = A[un

1 , 1− un
2 ; gk ∗ f − f ],

dn+1
4 = A[1− un

1 , 1− un
2 ; gk ∗ f − f ].

Compute un+1 = (un+1
1 , un+1

2 ):

wn+1
1 = un

1 − dt
(
λL(cn+1, un

2 ; f) + βL(dn+1, un
2 ; gk ∗ f − f)

)
,

vn+1
1 = F−1

{
1

1 + dt|ξ|2
F(wn+1

1 )(ξ)

}
,

un+1
1 =

{
0, vn+1

1 ≤ 1
2
,

1, vn+1
1 > 1

2
,

wn+1
2 = un

2 − dt
(
λL(c̄n+1, un+1

1 ; f) + βL(d̄n+1, un+1
1 ; gk ∗ f − f)

)
,

vn+1
2 = F−1

{
1

1 + dt|ξ|2
F(wn+1

2 )(ξ)

}
,

un+1
2 =

{
0, vn+1

2 ≤ 1
2
,

1, vn+1
2 > 1

2
.

if ∥un+1 − un∥2 < tol then
break

end

end
Output: segmented phases un+1.
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5 Vector-Valued Extension

The M -phase LCV model extends naturally to vector-valued images. Let f = (f1, . . . , fC) : Ω → RC

denote a multichannel image with C channels. The convolution kernel gk acts channel-wise, namely

gk ∗ f := (gk ∗ f1, . . . , gk ∗ fC).

We introduce region-dependent constants

c⃗ = (c1, . . . , cM), d⃗ = (d1, . . . ,dM) ∈ RM×C ,

where ci = (ci,1, . . . , ci,C) and di = (di,1, . . . , di,C) represent the mean intensity and local contrast
vectors associated with region Ωi. The multichannel fidelity and local fitting energies are defined by

EM,vec
fid (H(Φ), c⃗) =

M∑
i=1

∫
Ω

∥f(x)− ci∥22 χi(x) dx

=
M∑
i=1

∫
Ω

C∑
j=1

(fj(x)− ci,j)
2 χi(x) dx, (14)

EM,vec
loc (H(Φ), d⃗) =

M∑
i=1

∫
Ω

∥gk ∗ f(x)− f(x)− di∥22 χi(x) dx

=
M∑
i=1

∫
Ω

C∑
j=1

(
gk ∗ fj(x)− fj(x)− di,j

)2
χi(x) dx. (15)

Altogether, the vector-valued M -phase LCV functional reads

min
Φ,⃗c,d⃗

λEM,vec
fid (H(Φ), c⃗) + βEM,vec

loc (H(Φ), d⃗) + Em
per(H(Φ)),

with the following diffuse-interface approximation

min
u,⃗c,d⃗

λEM,vec
fid (u, c⃗) + βEM,vec

loc (u, d⃗) + Em,ε
GL (u).

For clarity, we detail the four-phase case. The updates for the region parameters are computed
as

c1,j = A[u1, u2, fj], d1,j = A[u1, u2, gk ∗ fj − fj],

c2,j = A[1− u1, u2, fj], d2,j = A[1− u1, u2, gk ∗ fj − fj],

c3,j = A[u1, 1− u2, fj], d3,j = A[u1, 1− u2, gk ∗ fj − fj],

c4,j = A[1− u1, 1− u2, fj], d4,j = A[1− u1, 1− u2, gk ∗ fj − fj],

for each channel j = 1, . . . , C. Applying calculus of variations, the Euler-Lagrange equations for u1

and u2 are

∂tu1 = ε∆u1 −
2

ε
W ′(u1)− λLvec(⃗c, u2; f)− βLvec(d⃗, u2; gk ∗ f − f), (16)

∂tu2 = ε∆u2 −
2

ε
W ′(u2)− λLvec(⃗c̄, u1; f)− βLvec(⃗̄d, u1; gk ∗ f − f), (17)

where

Lvec(⃗c, u; f) = ∥f − c1∥22 u− ∥f − c2∥22 u+ ∥f − c3∥22 (1− u)− ∥f − c4∥22 (1− u), (18)

and ⃗̄c = (c1, c3, c2, c4) and ⃗̄d = (d1,d3,d2,d4). As in the scalar-valued case, the system is solved
using the same MBO splitting strategy with the same initialization of the phase-field variables.

12
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6 Numerical Examples

We present numerical results obtained by applying Algorithms 1–2 to a variety of grayscale and color
images. We begin by discussing the choice of parameters, followed by a comparison between the
proposed MBO-based scheme and a standard finite-difference (FD) approach for solving (LCV). We
then illustrate the performance of the LCV model on several grayscale images and, subsequently, on
color images.

Segmentation results produced by the classical CV model (β = 0) are compared with those
obtained by the LCV model (β > 0). In all experiments, the convolution kernel gk is chosen as a
Gaussian filter with standard deviation σ = 5 and window size k = 21. In practice, this corresponds
to the following implementation in Python using the scipy.ndimage package:

gk ∗ f = gaussian filter(f, sigma = 5, mode=‘nearest’, radius = 10).

Throughout this section, the local image difference is defined as gk ∗ f − f . The segmentation
algorithms are ran for up to 200 iterations, with a stopping criterion based on a tolerance tol = 10−5.
Finally, to facilitate parameter selection and ensure consistency across experiments, pixel intensities
of all images are rescaled to the interval [0, 1].

(a) Blood vessel (original) (b) Topography (original) (c) Manuscript (original)

(d) Blood vessel (noisy) (e) Topography (noisy) (f) Manuscript (noisy)

Figure 1: Test images for parameter analysis. Top row: original images whose pixel intensities are rescaled to [0, 1]. Bottom
row: corresponding images corrupted by Gaussian noise. The Gaussian noise added to the blood vessel image has mean 0
and standard deviation 0.01, while for the other noisy images it has 0 mean and standard deviation 0.05.
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6.1 Parameter Choices

For Algorithm 1, we first investigate the influence of the model parameters λ and β, which balance
data fidelity, regularization, and localization. Afterward, we analyze the time-step parameter dt,
which governs stability and convergence.

To assess the robustness of these parameter choices across different domain applications, we
consider three representative images: a blood vessel image, a manuscript image and a topographic
map, together with their noisy versions. For the noisy versions, the blood vessel image is corrupted
by additive Gaussian noise with zero mean and standard deviation 0.01 while the topography and
manuscript images are corrupted by Gaussian noise with zero mean and standard deviation 0.05. All
six images are shown in Figure 1.

6.1.1 Model Parameters λ and β

• The fidelity parameter λ > 0 determines how closely the segmentation result approximates the
original image f : the larger the value of λ, the more similar the segmentation is to the input
image f .

Figure 2 illustrates the effect of varying λ when using Algorithm 1 with fixed parameters
β = 500 and dt = 20 on the segmentation of a blood vessel image and its noisy counterpart.
Since β > 0, the LCV model incorporates the image difference as complementary information to
the original image, enhancing the contrast between the vessel and the background in both noise-
less and noisy settings. This additional information is particularly effective in regions affected
by intensity inhomogeneities. For all tested values of λ, the algorithm successfully identifies
the main vessel structure, although small spurious artifacts may appear. As λ increases, the
influence of the local term progressively weakens in favor of a closer approximation to the orig-
inal image. Consequently, thin or low-contrast vessel branches tend to be less well segmented.
These observations suggest that intermediate values of λ provide the best compromise between
robustness to intensity inhomogeneity and preservation of fine structures. Moreover, the results
obtained from the noisy image remain qualitatively consistent with those of the original image,
highlighting the robustness of the LCV model with respect to Gaussian noise.

Figure 3 shows the results for a manuscript image and its noisy counterpart, where the goal is
to extract text information from a degraded background. This is particularly beneficial for his-
torical documents affected by uneven illumination. The numerical experiments are performed
with β = 20000 and dt = 15. In this example, the image difference enhances text strokes and
fine character details that are weakly contrasted in the original image. For all values of λ, the
main text regions are mostly identified. Smaller values favor the recovery of fine textual details
but may introduce spurious background components, while larger values lead to cleaner text
extraction at the cost of progressively losing thin or faint characters. Once again, the segmen-
tation results remain qualitatively stable under Gaussian noise, illustrating the robustness of
the LCV model in document image analysis.

Figure 4 demonstrates the influence of λ on the segmentation of a topographic image, where
gray-level intensity represents altitude (black corresponds to the lowest altitude and white to
the highest). We recall that the image has been rescaled so that its gray levels take values in
the normalized range [0, 1]. The goal of the segmentation is to separate land from water, where
the sharp interface corresponds to gray level 0.5. The results are obtained with β = 10000 and
dt = 20. In this setting, the image difference emphasizes local altitude variations and ridge-
valley structures that are less apparent in the original image, thereby improving the delineation
of land-water interfaces, particularly in regions where the transition is gradual or affected by
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(a) Original (b) Image difference of
original

(c) λ = 1 (d) λ = 50 (e) λ = 200

(f) Original - zoom (g) Image difference of
original - zoom

(h) λ = 1 (i) λ = 50 (j) λ = 200

(k) Noisy (l) Image difference of
noisy

(m) λ = 1 (n) λ = 50 (o) λ = 200

(p) Noisy - zoom (q) Image difference of
noisy - zoom

(r) λ = 1 (s) λ = 50 (t) λ = 200

Figure 2: Effect of varying the fidelity parameter λ on two-phase segmentation results for a blood vessel image. Smaller
values of λ favor smoother segmentation results driven by local information, while larger values enforce stronger fidelity to
the input image and may lead to partial loss of thin structures. The other parameters are fixed at β = 500 and dt = 20.
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(a) Original (b) Image difference of
original

(c) λ = 500 (d) λ = 2000 (e) λ = 5000

(f) Original - zoom (g) Image difference of
original - zoom

(h) λ = 500 (i) λ = 2000 (j) λ = 5000

(k) Noisy (l) Image difference of
noisy

(m) λ = 500 (n) λ = 2000 (o) λ = 5000

(p) Noisy - zoom (q) Image difference of
noisy - zoom

(r) λ = 500 (s) λ = 2000 (t) λ = 5000

Figure 3: Effect of varying the fidelity parameter λ on the segmentation of a manuscript image (historical document) and
its noisy counterpart. The segmentation aims at extracting text from a degraded background. Smaller values of λ favor the
detection of fine textual features but may introduce spurious components from background noise, whereas larger values lead
to cleaner text extraction with a progressive loss of thin or faint characters. The other parameters are fixed at β = 20000
and dt = 15.
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(a) Original (b) Image difference of
original

(c) λ = 100 (d) λ = 500 (e) λ = 1000

(f) Original - zoom (g) Image difference of
original - zoom

(h) λ = 100 (i) λ = 500 (j) λ = 1000

(k) Noisy (l) Image difference of
noisy

(m) λ = 100 (n) λ = 500 (o) λ = 1000

(p) Noisy - zoom (q) Image difference of
noisy - zoom

(r) λ = 100 (s) λ = 500 (t) λ = 1000

Figure 4: Effect of varying the fidelity parameter λ on the segmentation of a topography image, where gray-level intensity
represents altitude. The task is to separate land from water. The other parameters are fixed at β = 10000 and dt = 20.

illumination. The algorithm consistently captures the global land-water separation, while the
level of detail in the segmented structures strongly depends on λ. Smaller values allow the
segmentation to follow fine-scale terrain features, whereas larger values suppress small-scale
variations and lead to coarser, more aggregated regions. As in the previous example, the
segmentation results obtained from the noisy image closely resemble those of the original image
across all tested values of λ, confirming the robustness of the method.

• The localization parameter β ≥ 0 is responsible for mitigating intensity inhomogeneity by con-
trolling the contribution of the image-difference term in the LCV model. The image difference
emphasizes local variations by suppressing slow spatial intensity changes, resulting in more
homogeneous regions than those of the original image. Hence, it allows the LCV model to
better distinguish meaningful structures from background variations caused by illumination
bias. When the input image exhibits intensity inhomogeneity, it is recommended to choose
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β > λ so that the segmentation is driven primarily by local contrast information rather than
global intensity values in the original image. Conversely, for images with relatively homoge-
neous intensities, one may take β ≤ λ without loss of performance [33]. Overall, the stronger
the intensity inhomogeneity present in the image, the larger the value of β should be.

Figure 5 shows the effect of varying β on the segmentation of the blood vessel image and
its noisy counterpart when using Algorithm 1. The other parameters are fixed at λ = 50
and dt = 20. For β = 0, corresponding to the classical CV model, the pronounced intensity
inhomogeneity along the vessel leads to incomplete and disconnected segmentation, particularly
visible in the zoomed-in views. As β increases, the contribution of the image difference becomes
more significant, enabling the model to better exploit local contrast information. This leads to
a progressive improvement in vessel continuity and delineation. In particular, for β = 500, the
blood vessel is fully segmented in both the original and noisy images, and the gaps observed
for smaller values of β are closed in the close-up views. This example clearly highlights the role
of β in compensating for intensity inhomogeneity.

Figure 6 shows the results for the manuscript image and its noisy counterpart for fixed pa-
rameter values λ = 2000 and dt = 15. For β = 0, strong background intensity variations and
illumination artifacts lead to incomplete text extraction and disconnected character strokes.
As β increases, the image difference enhances text strokes while suppressing slow background
variations, resulting in a progressively cleaner and more coherent segmentation. In particular,
for large values of β, most textual components are correctly extracted and background arti-
facts are substantially reduced. As in the previous examples, increasing β further stabilizes
the segmentation in the presence of noise, yielding results that remain qualitatively consistent
with those obtained from the original image. These observations indicate that, for document
images affected by background degradation and noise, β should be chosen sufficiently large to
achieve robust text extraction.

Figure 7 illustrates the influence of β on the segmentation of the topography image and its
noisy counterpart. The other parameters are fixed to λ = 100 and dt = 20. When β = 0,
the segmentation is strongly affected by the intensity inhomogeneity of the image, resulting
in fragmented and unstable land-water interfaces. As β increases, the contribution of the
image difference becomes more significant, allowing the model to better exploit local altitude
variations and ridge-valley structures. This results in a clearer and more coherent depiction of
land-water interfaces, both in the entire images and in the zoomed-in regions. In particular,
larger values of β suppress spurious oscillations caused by slow intensity variations and improve
the spatial consistency of the segmentation. In the presence of noise, the role of β becomes even
more pronounced. Larger values of β further stabilize the segmentation by compensating for
noise-induced intensity fluctuations. These results suggest that β should be chosen sufficiently
large for topographic data.

6.1.2 Numerical Parameter dt

The numerical time step dt > 0 arises from the time discretization of the gradient-flow evolution
associated with the Euler–Lagrange equation (8) for the LCV model. As a numerical parameter, dt
plays a significant role in the stability and convergence of Algorithm 1.

To illustrate the impact of dt in practice, we analyse below the three representative examples
without any noise. We observe that large values of dt may cause the evolution to overshoot, po-
tentially leading to incomplete or inaccurate segmentation results. Conversely, small values of dt
may slow down the evolution or lead to stagnation as successive updates become too small for the
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(a) Original (b) Image difference of
original

(c) β = 0 (d) β = 100 (e) β = 500

(f) Original (g) Image difference of
original

(h) β = 0 (i) β = 100 (j) β = 500

(k) Noisy (l) Image difference of
noisy

(m) β = 0 (n) β = 100 (o) β = 500

(p) Noisy (q) Image difference of
noisy

(r) β = 0 (s) β = 100 (t) β = 500

Figure 5: Effect of varying the localization parameter β on the segmentation of a blood vessel image and its noisy counterpart.
For β = 0, the classical Chan–Vese formulation yields a disconnected segmentation because of intensity inhomogeneity,
whereas larger values of β progressively improve vessel continuity. The other parameters are fixed at λ = 50 and dt = 20.
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(a) Original (b) Image difference of
original

(c) β = 0 (d) β = 2000 (e) β = 20000

(f) Original (g) Image difference of
original

(h) β = 0 (i) β = 2000 (j) β = 20000

(k) Noisy (l) Image difference of
noisy

(m) β = 0 (n) β = 2000 (o) β = 20000

(p) Noisy (q) Image difference of
noisy

(r) β = 0 (s) β = 2000 (t) β = 20000

Figure 6: Effect of varying the localization parameter β on the segmentation of the manuscript image and its noisy
counterpart. The segmentation aims to extract textual content from a degraded background. Increasing β enhances the
contribution of the image difference, improving text extraction by compensating for background intensity inhomogeneity
and illumination variations. In the presence of noise, larger values of β further stabilize the segmentation by mitigating
noise-induced intensity fluctuations. The other parameters are fixed at λ = 2000 and dt = 15.
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(a) Original (b) Image difference of
original

(c) β = 0 (d) β = 1000 (e) β = 10000

(f) Original - zoom (g) Image difference of
original - zoom

(h) β = 0 (i) β = 1000 (j) β = 10000

(k) Noisy (l) Image difference of
noisy

(m) β = 0 (n) β = 1000 (o) β = 10000

(p) Noisy - zoom (q) Image difference of
noisy - zoom

(r) β = 0 (s) β = 1000 (t) β = 10000

Figure 7: Effect of varying the localization parameter β on the segmentation of the topography image and its noisy
counterpart. Increasing β enhances the contribution of the image difference, improving the detection of land-water interfaces
and stabilizing the segmentation in the presence of intensity inhomogeneity and noise. The other parameters are fixed at
λ = 100 and dt = 20.

segmentation to meaningfully depart from its initialization. Thus, dt should be chosen sufficiently
large to allow the evolution to progress toward a stable configuration while remaining small enough
to provide a reasonable approximation of the gradient flow.

Figure 8 illustrates the sensitivity of Algorithm 1, with fixed parameters λ = 50 and β = 500, to
the time-step parameter dt for both clean and noisy blood vessel images. For dt = 5, the evolution
is too slow and may generate spurious artifacts, whereas dt = 50 can lead to loss of connectivity.
An intermediate value such as dt = 20 provides a better balance, preserving vessel structure while
limiting artifacts.

Figure 9 illustrates the effect of the time-step size dt on the segmentation of the manuscript image.
We consider dt ∈ {10, 15, 30} with fixed parameter values λ = 2000 and β = 20000. Comparable
results are obtained for dt = 10 and dt = 15, whereas fewer regions are segmented for dt = 30. In
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(a) Original (b) Image difference (c) dt = 5 (d) dt = 20 (e) dt = 50

(f) Original - zoom (g) Image difference -
zoom

(h) dt = 5 (i) dt = 20 (j) dt = 50

Figure 8: Effect of varying the time-step size dt in the MBO scheme for the LCV segmentation of the blood vessel image.
We consider dt ∈ {5, 20, 50}. For dt = 5, spurious artifacts may appear, while for dt = 50 the segmentation may lose fine
connectivity. An intermediate choice of dt yields a better balance between segmentation fidelity, numerical stability, and
convergence speed. The model parameters are fixed at λ = 50 and β = 500.

the zoomed-in areas, less text is detected for dt = 30 than for dt ≤ 15. These observations indicate
that excessively large time steps may induce overshooting, leading to incomplete segmentation.

Figure 10 examines the influence of dt ∈ {10, 20, 100} on the segmentation of the topography
image, where λ = 100 and β = 10000 are fixed. The results for dt = 10 and dt = 20 are comparable,
while dt = 100 yields a noticeably coarser segmentation with fewer detected features. In the zoomed-
in regions, when dt = 100, the method captures only the main separation between land and water and
fails to recover finer structures. This behavior is consistent with the overshooting effects associated
with large time steps.

To summarize our observations, Table 1 reports the number of iterations required to reach the
stopping tolerance tol = 10−5 together with a qualitative assessment of the resulting segmentation
behavior. All results correspond to experiments performed on the original images without noise.

Example λ β dt Iterations Qualitative behavior
Blood vessel 50 500 5 13 spurious artifacts
Blood vessel 50 500 20 12 stable
Blood vessel 50 500 50 13 disconnected regions
Manuscript 2 000 20 000 10 12 stable
Manuscript 2 000 20 000 15 15 stable
Manuscript 2 000 20 000 30 21 less text segmented
Topography 100 10 000 10 15 spurious artifacts
Topography 100 10 000 20 14 stable
Topography 100 10 000 100 33 less precise land-water interface

Table 1: Sensitivity of Algorithm 1 to the time-step size dt.
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(a) Original (b) Image difference (c) dt = 10 (d) dt = 15 (e) dt = 30

(f) Original - zoom (g) Image difference -
zoom

(h) dt = 10 (i) dt = 15 (j) dt = 30

Figure 9: Effect of varying the time-step size dt in the MBO scheme for the LCV segmentation of the manuscript image.
We consider dt ∈ {10, 15, 30}. Comparable results are obtained for dt = 10 and dt = 15, whereas dt = 30 produces a
coarser segmentation with fewer identified regions. In the zoomed-in regions, larger values of dt lead to the loss of finer
textual details. The model parameters are fixed at λ = 2000 and β = 20000.

(a) Original (b) Image difference (c) dt = 10 (d) dt = 20 (e) dt = 100

(f) Original - zoom (g) Image difference -
zoom

(h) dt = 10 (i) dt = 20 (j) dt = 100

Figure 10: Effect of varying the time-step size dt in the MBO scheme for the LCV segmentation of the topography image.
We consider dt ∈ {10, 20, 100}. Comparable results are obtained for dt = 10 and dt = 20, while dt = 100 leads to a
coarser segmentation with fewer detected regions. In the zoomed-in regions, larger values of dt fail to capture finer spatial
structures. The model parameters are fixed at λ = 100 and β = 10000.

Numerical convergence. To assess the effective numerical convergence of the scheme, we analyze
the decay of the energy with respect to the iteration number for different values of dt. Figure 11
shows the energy associated with (LCV), computed via Algorithm 1, as a function of the number of
iterations for the same test cases as in Figures 1a–1c.
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In all experiments, the energy decreases monotonically, confirming the stability of the numerical
scheme. For small dt, the decay may be slower and sometimes may lead to stagnation. For interme-
diate values of dt, the energy decreases more rapidly and stabilizes in fewer iterations, indicating a
more efficient evolution. For large dt, although the initial decay is fast, the algorithm may converge
to a higher final energy or exhibit premature stabilization, consistent with the overshooting effects
observed in the segmentation.

Overall, these results highlight the strong influence of dt on numerical convergence. Intermediate
values offer the best trade-off between speed and accuracy, supporting the practical choice dt ≥ 10
adopted in this work.

(a) Blood vessel example (b) Topography example (c) Manuscript example

Figure 11: The energy as a function of the number of iterations for Algorithm 1 for different values of dt and for the three
representative examples.

6.2 MBO Scheme vs. Finite Difference for the LCV Model

We compare the proposed MBO scheme with the semi-implicit finite difference scheme implemented
in the IPOL algorithm [17] for the LCV model. To ensure a fair comparison, we adapt the IPOL
implementation to the LCV setting by incorporating the same local fidelity term so that both methods
rely on comparable level-set formulations and minimize closely related variational energies.

In [17], the perimeter term is approximated through a regularization of the Heaviside function,
leading to a gradient-descent evolution discretized by finite differences (FD). Standard FD discretiza-
tions are known to introduce grid-induced anisotropy since the approximation of spatial derivatives
depends on the orientation of the underlying grid. This can produce direction-dependent errors and
geometric distortions of evolving interfaces, despite the existence of more sophisticated isotropic FD
variants.

In contrast, the proposed MBO-based scheme employs a spectral discretization of the diffusion
step, which provides high accuracy for smooth solutions and avoids grid-induced directional bias. The
diffusion is computed in the Fourier domain, yielding an isotropic treatment of spatial derivatives
that is independent of grid orientation; combined with the thresholding step, this leads to a more
geometrically consistent evolution of interfaces.

Including the local fidelity term in both methods, the qualitative segmentation results obtained
by the MBO scheme and the FD scheme are comparable, as illustrated in Figures 12–13. A closer
inspection of these figures reveals practical differences between the two numerical approaches.

Figure 12 shows that, for the blood vessel image, both methods successfully capture the main
vessel structure and yield similar results at a global scale. The MBO-based segmentation, however,
produces a slightly smoother and more regular interface and suppresses small spurious artifacts that
are visible in the FD result. This behavior can be attributed to the combined effect of spectral
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diffusion and thresholding in the MBO scheme, which naturally regularizes fine-scale oscillations
while preserving the principal geometric features of the interface.

(a) Original (b) MBO (c) Finite Difference

(d) Original (e) MBO (f) Finite Difference

Figure 12: Comparison between the MBO and FD schemes for the image in Figure 1a. Both approaches yield comparable
segmentations at a global scale. The MBO scheme produces a smoother interface and suppresses small spurious artifacts,
while the FD scheme preserves finer local variations.

Figure 13 highlights the differences between the MBO and FD schemes in the topography exam-
ple. The FD scheme yields irregular and locally fragmented interfaces along ridge-valley structures,
whereas the MBO scheme produces smoother and more regular boundaries at the cost of attenuating
fine terrain details. These effects are particularly visible in the zoomed-in regions and reflect the
respective sensitivity of the two schemes to grid-induced directional effects and diffusion strength.

The differences between the two approaches lie primarily in their numerical behavior rather than
in the final segmented interfaces. This distinction becomes more apparent when examining numerical
convergence. As shown in Figure 14, both schemes exhibit monotonic energy decay; however, the
MBO scheme consistently reaches a stable configuration in fewer iterations than the FD scheme.
This accelerated convergence of the MBO approach can be attributed to the combined effect of the
thresholding mechanism and the spectral diffusion step, which rapidly enforces sharp interfaces.

In conclusion, the main advantage of the proposed MBO-based approach is that it achieves
satisfactory segmentation results with improved numerical efficiency. Hence, it serves as a robust
and computationally efficient alternative to the standard FD approach for the LCV model.
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(a) Original (b) MBO (c) Finite Difference

(d) Original (e) MBO (f) Finite Difference

Figure 13: Comparison between the MBO and FD schemes for the image in Figure 1b. The FD scheme yields irregular and
locally fragmented interfaces along ridge-valley structures, whereas the MBO scheme produces smoother and more regular
segmentations.

(a) Blood vessel example (Figure 1a) (b) Topology example (Figure 1b)

Figure 14: Numerical convergence for MBO and FD. The energy decay is monotonic for both methods, while the MBO
scheme reaches a stable configuration in fewer iterations.

6.3 Grayscale Image Segmentation

We begin with two-phase segmentation on a medical image to illustrate the basic behavior of the
method and then turn to multiphase grayscale segmentation on STM images. The examples in this
section focus on images exhibiting significant intensity inhomogeneity, a setting in which LCV models
are especially well suited.

6.3.1 Two-Phase Segmentation of an MR image

We apply Algorithm 1 to a grayscale magnetic resonance (MR) image of the brain. MR images typi-
cally suffer from intensity inhomogeneity caused by nonuniform magnetic fields and spatial variations
in tissue susceptibility.

Figure 15 displays the segmentation results obtained with parameters λ = 5.0 and dt = 15. For
the LCV model, we set β = 40. As expected, the classical CV model under-segments the white matter
regions because of its global intensity assumption. In contrast, the LCV model successfully adapts
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to local intensity variations and yields a more accurate segmentation of anatomical structures. This
example highlights the robustness of the proposed MBO scheme when combined with local fidelity
terms, particularly in the presence of strong bias fields.

(a) Original (b) Image difference (c) CV, β = 0 (d) LCV, β = 40

Figure 15: MRI Segmentation using the proposed MBO scheme. Both CV and LCV methods are run with λ = 5 and
dt = 15. Because of its global piecewise-constant assumption, the CV model under-segments white matter regions affected
by intensity inhomogeneity. On the other hand, the LCV model adapts to local intensity variations and yields a more
accurate segmentation.

6.3.2 Four-Phase Grayscale Segmentation

We next demonstrate the ability of the multiphase LCV model (M-LCV) to perform multiphase
grayscale segmentation on two STM images. Figures 16 and 17 display STM images of cyanide on
Au111 [18] and 9,12-carboranedithiol on Au111/mica [29], respectively. For both images, we compare
CV and LCV segmentations using identical parameters λ = 10 and dt = 40 while introducing the
local parameter β = 50 for LCV. Although the resulting piecewise-constant approximations appear
visually similar at first glance, closer inspection reveals clear, qualitative improvements achieved by
the LCV model. In particular, Figure 16 shows that the LCV model successfully captures textured
regions that are either omitted or merged by the CV model, demonstrating its superior adaptability
to spatial intensity variations. In Figure 17, the LCV model segments a substantially larger portion of
the central “pebbled” structure than the CV model while maintaining clear and well-defined region
boundaries. Overall, these results provide strong evidence of the effectiveness of the LCV model
for multiphase problems and highlight its enhanced ability to preserve fine-scale structures in the
presence of spatially varying intensities, where classical global models are insufficient.

6.4 Color Image Segmentation

We now extend the method to color image segmentation. As color images can be represented in
different color spaces, the choice of representation is crucial for effective segmentation.

6.4.1 Choice of Color Space

Color images can be represented in many color spaces such as RGB (red, green, blue), HSV (hue,
saturation, value), and Lab (luminosity, red-green, and yellow-blue). While RGB is widely used,
its channels are highly correlated [8], which makes the L2 fidelity term across channels in (14)–(15)
redundant. On the other hand, the channels in both HSV and Lab are significantly less correlated.
Moreover, since these spaces are perceptually uniform [27], they are more sensitive to color differences
than RGB. As a result, they generally outperform RGB in color image segmentation, particularly
for texture analysis [27].

Figure 18 compares segmentation results obtained by applying the CV model with λ = 30 and
dt = 20 in different color spaces. Among the tested representations, the Lab color space yields the
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(a) Original (b) CV, β = 0 (c) Phase 1, CV (d) Phase 2, CV (e) Phase 3, CV (f) Phase 4, CV

(g) Image difference (h) LCV, β = 50 (i) Phase 1, LCV (j) Phase 2, LCV (k) Phase 3, LCV (l) Phase 4, LCV

Figure 16: Four-phase segmentation of an image of cyanide on Au111 [18], together with the individual phases obtained by
the CV and LCV models. Parameters are λ = 10 and dt = 40 for both models and β = 50 for LCV. While both methods
produce comparable coarse segmentation results, the LCV model significantly improves the recovery of diagonal features
and better preserves fine-scale variations induced by local intensity inhomogeneity, leading to more geometrically faithful
phase boundaries than CV.

(a) Original (b) CV β = 0 (c) Phase 1, CV (d) Phase 2, CV (e) Phase 3, CV (f) Phase 4, CV

(g) Image difference (h) LCV, β = 80 (i) Phase 1, LCV (j) Phase 2, LCV (k) Phase 3, LCV (l) Phase 4, LCV

Figure 17: Four-phase segmentation results for an image of 9,12-carboranedithiol on Au111/mica [29] with texture and
intensity variations, together with the individual phases obtained by the CV and LCV models. Parameters are λ = 20 and
dt = 30 for both models and β = 80 for LCV. Compared with CV, the LCV model segments a substantially larger portion of
the textured region, resolves finer structural details, and yields more coherent phase boundaries in areas affected by spatially
varying intensities.

most accurate segmentation. This stems from the observation that, in Lab space, two channels are
nearly piecewise constant, making the image structure more compatible with the CV model. The
effectiveness of using Lab space for color image segmentation was examined in previous works [7, 8].
Hence, all subsequent color experiments are performed in Lab space before applying the LCV model.
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(a) RGB Image (b) Red Channel (c) Green Channel (d) Blue Channel (e) RGB Segmentation

(f) HSV Image (g) Hue Channel (h) Saturation Channel (i) Value Channel (j) HSV Segmentation

(k) Lab Image (l) Luminosity Channel (m) Red-green Channel (n) Blue-yellow Channel (o) Lab Segmentation

Figure 18: Images shown in different color spaces along with their respective channels and segmentation results obtained
by the CV model. Parameters are λ = 30 and dt = 20. Because of strong inter-channel correlation, RGB segmentation
is less effective. HSV improves separation but remains sensitive to illumination. Lab space yields the most consistent
piecewise-constant approximation.

6.4.2 Two-Phase Color Segmentation

We apply the LCV model to natural color images exhibiting complex illumination and background.
Figure 19 displays the segmentation of a natural color image using the CV and LCVmodels. While

CV merges the tree in the foreground and the hill in the background, LCV successfully isolates the
tree by adapting to local color variations along the tree branches and hill edges.

Figure 20 displays the segmentation results for a color image containing thin structures and
fine geometric details. The LCV model better preserves thin structures such as propeller blades,
whereas CV produces partial merging and loss of detail. These examples highlight the ability of the
MBO-based LCV scheme to capture sharp interfaces.

6.4.3 Four-Phase Color Segmentation

Finally, we consider four-phase color segmentation on more complex natural scenes, focusing on two
representative images. Figures 21 and 22 compare the results obtained with the CV and LCV models.
While both approaches produce similar coarse segmentations, the LCV model consistently achieves
a more faithful separation of neighboring regions that exhibit subtle color differences.

We first apply a color version of Algorithm 2 to a natural image of a church, shown in Figure 21a.
The corresponding four-phase segmentation results are presented in Figure 21, using λ = 40 and
dt = 50 for both models and β = 200 only for LCV. Although CV and LCV yield comparable
coarse segmentations, LCV provides a noticeably finer discrimination of the ladder and railing struc-
tures near the entrance, preventing them from being artificially merged because of local illumination
variations.
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(a) Original (b) CV (c) LCV

Figure 19: Two-phase segmentation of a natural color image using the CV and LCV models. Parameters are λ = 30 and
dt = 10 for both models and β = 100 for LCV.

(a) Original (b) CV (c) LCV

(d) Close-up of CV (e) Close-up of LCV

Figure 20: Segmentation results for a color image containing thin structures and fine geometric details. Parameters are
λ = 50 and dt = 20 for both models, and β = 50 for LCV.

For the butterfly image in Figure 22a, we use the same algorithm with λ = 40 and dt = 60
for both models and β = 60 only for LCV. The corresponding results are shown in Figure 22.
Compared with CV, the LCV model produces a segmentation that is more faithful to the original
image, specifically by separating the yellow region of the wings from the white region of the flowers.
This distinction is clearly visible in the LCV phases shown in Figures 22i and 22j. By contrast,
likely because of intensity inhomogeneity, the CV model merges these regions into a single phase,
as seen in Figure 22d. Overall, these experiments demonstrate that the proposed MBO-based LCV
framework extends naturally to multiphase color segmentation and remains robust in the presence
of local intensity inhomogeneities and nonuniform lighting conditions.
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(a) Original

(b) CV, β = 0

(c) Phase 1, CV

(d) Phase 2, CV

(e) Phase 3, CV

(f) Phase 4, CV

(g) LCV, β = 200

(h) Phase 1, LCV

(i) Phase 2, LCV

(j) Phase 3, LCV

(k) Phase 4, LCV

Figure 21: Four-phase segmentation of a natural color image using the CV and LCV models, together with the individual
phases. Parameters are λ = 40 and dt = 50 for both models and β = 200 for LCV. While both models produce similar
coarse segmentation results, LCV more accurately separates the ladder and railing structures near the entrance, avoiding
artificial merging caused by illumination variations.
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(a) Original

(b) CV, β = 0

(c) Phase 1, CV

(d) Phase 2, CV

(e) Phase 3, CV

(f) Phase 4, CV

(g) LCV, β = 60

(h) Phase 1, LCV

(i) Phase 2, LCV

(j) Phase 3, LCV

(k) Phase 4, LCV

Figure 22: Four-phase segmentation results for a natural color image exhibiting intensity inhomogeneity, together with the
individual phases. Parameters are λ = 40 and dt = 60 for both models and β = 60 for LCV. The LCV model successfully
separates the yellow region of the wings from the white region of the flowers as two phases, whereas CV merges these
regions into one phase because of global intensity averaging.
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7 Conclusion

In this work, we presented an efficient implementation of the LCV model based on the MBO scheme.
Starting from the continuous variational formulation, the algorithm consists of explicitly solving the
heat equations and ODEs and then applying thresholding. This structure leads to a numerically
stable method with low computational complexity and straightforward implementation.

A broad range of numerical experiments demonstrates the versatility of the proposed approach.
The method was successfully applied to two-phase and multiphase segmentation problems on grayscale
and color images, including medical imaging data, microscopy images, and natural scenes. In all
tested cases, the algorithm produces sharp and stable interfaces and exhibits robust behavior in the
presence of intensity inhomogeneities. Comparative results with the CV model show that incorporat-
ing local fidelity terms significantly improves segmentation accuracy when global piecewise-constant
assumptions are violated. The MBO-based formulation preserves the advantages of the LCV model
while providing a fast solver that scales efficiently to large images and multiple phases.

Owing to its simplicity, efficiency, and robustness, the proposed method constitutes a practical
and reproducible tool for variational image segmentation. The implementation is particularly well
suited for experimental analysis and serves as a flexible framework for extending local variational
models to more complex segmentation tasks.
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